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Abstract 
The effects of the gravitational redshift of gravitons upon spiral galaxy rota-
tion energy are compared to the standard mass to light analyses in obtaining 
rotation curves. The derivation of the total baryonic matter compares well 
with the standard theory and the rotation velocity is matched to a high preci-
sion. The stellar mass distributions obtained from the fit with graviton energy 
loss are used to derive the surface brightness magnitudes for the galaxies, 
which agree well with the observed measurements. In a new field of investiga-
tion, the graviton theory is applied to the observations of gravitational lenses. 
The results of these applications of the theory suggest that it can augment the 
standard methods and may eliminate the need for dark matter. 
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1. Introduction 

The theory of the gravitational redshift of gravitons continues to be relevant in 
the study of galactic phenomena. In this paper the process is investigated at a 
deeper level in spiral galaxy rotation velocities. It is notable that only the baryonic 
mass of the galaxy is a free parameter, with other parameters obtained from the 
observation, essentially just the radial velocity distribution ( )v r , with the final 
radial distance fr  and velocity ( )fv r  used to determine the graviton coupling 
coefficient fk  [1]. 
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The SPARC database [2] [3] is used in the spiral galaxy analysis. It provides 
the baryonic mass, rotational velocity and surface brightness magnitudes for 
each galaxy. The velocity distributions derived from SPARC mass to light ratio 
analysis are also presented as a comparison to the Newtonian rotational velocity 
curves derived using the graviton redshift derived baryonic mass distribution. 
For the two galaxies presented here, NGC 2403 and NGC 2841, it is notable that 
the agreement with the standard method is quite good, because the graviton 
theory derived baryonic mass accounts for the bulge, disk and gas mass without 
any special adjustments. 

In a new field for this theory, gravitational lensing is investigated using 
Einstein rings [4]. It is found that nothing new needs to be added to the galaxy 
version of the theory, except that, since galactic rotation velocities were not 
obtained, the coupling coefficient fk  is determined using the lens mass. 

For the layout of this paper, in the next section the rotation velocity relation 
for spiral galaxies is revisited and the comparisons are made to the predictions of 
the standard theory. In the section after that, the surface brightness magnitues 
for those galaxies are considered. In the next section and subsections the 
gravitational lens relations are described and the connection to the galaxy 
rotation energy with the graviton redshift energy boost is established. These 
results are discussed in the final section. 

2. Action of Gravitons in Galaxies 

The gravitational potential at radial position r in the field of a galaxy of total 
baryonic mass bM , including graviton energy loss [1], can be expressed by,  

( ) ( ) ( ) ( )
20

d ,
r

f
b

GM r M r GM s
r k s

r M s
Φ = − − ∫               (1) 

where ( )M r  is the baryonic mass within r, and fk  is a coupling coefficient. 
The negative sign on the second term on the right hand side of Equation (1) 
represents the energy loss due to the gravitational redshift of gravitons traveling 
outward against the field of the galaxy of mass ( )M r  toward an orbiting object 
of mass m. The equation for the total energy of the mass m in the galaxy is given by,  

( ) ( )2
0

1 ,
2

mv r m r E+ Φ =                      (2) 

where ( )v r  is the velocity at r and E0 is the total energy. For circular motion, 
( )0 2E GmM r r= − . The equation for circular motion in the field, from Equation 

(2), is given by,  

( ) ( ) ( ) ( )2
20

2 d .
r

f
b

GM r M r GM s
v r k s

r M s
= + ∫              (3) 

Equation (3) can be put into a form quadratic in the mass ( )M r , expressed 
by,  

( ) ( ) ( ) ( ) ( )( )1

1

2

2
2 20

2 d 2 d ,
r r

f f r
b b

M rGM r M r GM s Gv r k s k s
r M s M s

= + +∫ ∫     (4) 
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where, for the last term on the right hand side, the mass ( )M r  has been taken 
out of the integral because 1r  is defined such that, for 1r s r< ≤ ,  

( ) ( )M s M r≈ . Given an estimate for the total galaxy baryonic mass bM , a 
mass distribution can be determined [5] by iteratively solving Equation (4) for 

( )M r  until the mean error between the predicted and observed rotational 
velocities is within acceptable bounds. The galaxy total baryonic mass is obtained 
from the SPARC mass to light derived velocity estimates for the bulge and disk 
models and from the independently determined gas mass observations. The 
baryonic mass is estimated using the final position R and final bulge, disk and 
gas velocities ,bulge diskV V  and gasV , respectively, by,  

( )2 2 2 .b bulge disk gas
RM V V V
G

= + +                    (5) 

Figure 1 shows for galaxy NGC 2403 the rotation velocity curves for the 
Newtonian, graviton redshift and the combined total velocity fitted to the 
observed rotation velocities and assumed baryon mass. Also shown on the 
figure are the rotation curve components for the gas mass and the disk stellar 
mass based on photometric observations, and the combined Newtonian velocity 
distribution. 
 

 
Figure 1. NGC 2403 rotation curves. The black dots with error bars are velocities and 
errors of the observation data. The solid black line is the Newtonian plus graviton 
gravitational redshift boosted theoretical circular velocity fit to the observed data. The 
black dashed line with open circles is the Newtonian velocity curve with the theoretical 
mass distribution. The dashed black line is the graviton gravitational redshift boosted 
velocity curve with the theoretical mass distribution. The green dashed line is the 
observed gas velocity. The yellow line is for the mass estimation of the bulge velocity 
(zero for this galaxy). The red line is for the mass estimation for the stars in the galaxy. 
The blue line is the sum of the gas, bulge and star velocities. 
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Figure 2 shows for galaxy NGC 2841 the rotation velocity curves for the 
Newtonian, graviton redshift and the combined total velocity fitted to the observed 
rotation velocities and assumed baryon mass. Also shown on the figure are the 
rotation curve components for the gas mass and the stellar masses for the bulge 
and disk based on the photometric observations, and the combined Newtonian 
velocity distribution. Table 1 summarizes the parameters used in making these 
galaxy fits. 
 

 
Figure 2. NGC 2841 rotation curves. The black dots with error bars are velocities and 
errors of the observation data. The solid black line is the Newtonian plus graviton 
gravitational redshift boosted theoretical circular velocity fit to the observed data. The 
black dashed line with open circles is the Newtonian velocity curve with the theoretical 
mass distribution. The dashed black line is the graviton gravitational redshift boosted 
velocity curve with the theoretical mass distribution. The green dashed line is the observed 
gas velocity. The yellow line is for the mass estimation of the bulge velocity. The red line is 
for the mass estimation for the stars in the galaxy. The blue line is the sum of the gas, bulge 
and star velocities. 
 

Table 1. Spiral galaxy rotational velocity fits. 

Galaxy bM  fV
 fR

 fk
 Fit Error 0B  0Z  

 1010 M
  km∙s−1 kpc  km∙s−1 1023 mag arcsec−2 

NGC 2403 1.797 134 20.87 0.264 0.06 7.5 27.204 

NGC 2841 2.604 294 63.64 0.199 0.05 7.5 26.941 

3. Surface Brightness 

The mass to light ratio ( )rϒ  within radial position r in a galaxy is based on the 
observed surface brightness magnitude ( )rµ  with source reference 0µ , which 
is expressed by,  
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( ) ( )( ) ( )
( )

0 2.5
2

0

10 ,
4 ,

r starsM r
r

r Area r d B
µ µ−

π
ϒ =                (6) 

where 0B  is the detector calibration zero point reference (count), where count 
~ energy/time/area, ( )starsM r  is the mass of the stars within r, given by,  

( ) ( ) ( )2

,gas
stars

rV r
M r M r

G
= −                    (7) 

where ( )gasV r  is the molecular gas velocity at r, and the area ( ),Area r d  in 
square arcseconds spanned by a radius r of a galaxy at distance d from an 
observing detector is given by,  

( )
2180, 3600 .rArea r d

d π
 =  
 

                   (8) 

In terms of Equations (6)-(8), the luminosity ( )L r  at the radial position r 
from the center of a galaxy is defined by,  

( ) ( )
( )

.starsM r
L r

r
=

ϒ
                       (9) 

The brightness ( )B r  is the luminosity thru the surface area defined by,  

( ) ( )
2 .

4
L r

B r
rπ

=                         (10) 

In terms Equations (6)-(10) the surface brightness magnitude ( )rµ  is 
defined by,  

( ) ( )
( ) 0

0

2.5log ,
,

B r
r

Area r d B
µ µ

 
= − +  

 
               (11) 

where 0B  is the detector calibration zero point reference count, d is the 
distance from the observing detector to the source and 0µ  is a source surface 
brightness reference. 

Figure 3 shows for NGC 2403 the surface brightness magnitudes (SB) for the 
observed and predicted SB fit based on the predicted stellar mass. The reference 
offset was 0 27.204Z =  to fit to the interpolated curve to the observed SB curve. 
(The interpolation aligns the observed SB radial positions with the observed 
galaxy velocity positions.) Figure 4 shows for NGC 2841 the surface brightness 
magnitudes for the observed and predicted surface brightness magnitudes fit 
based on the predicted stellar mass. The reference offset was 0 26.941Z =  to fit 
to the interpolated curve. The detector calibration zero point value used is the 
same for both results at 23

0 7.5 10B = ×  count per observation. 

4. Gravitational Lens Including Interaction of Gravitons with 
Photons 

The gravitational potential ( )rΦ  describing the interaction of a photon with a 
galaxy having total baryonic mass bM  including graviton interacion is defined 
by,  

https://doi.org/10.4236/jhepgc.2024.103059


F. J. Oliveira 
 

 

DOI: 10.4236/jhepgc.2024.103059 972 Journal of High Energy Physics, Gravitation and Cosmology 
 

 
Figure 3. NGC 2403 Surface Brightness Magnitudes. The black dots and error bars are 
the observed surface brightness magnitudes (SB). The fine black dotted line is the 
observed SB interpolated to the velocity data radial positions. The red triangles are the SB 
based on the theoretically derived baryonic mass distribution. 
 

 
Figure 4. NGC 2841 Surface Brightness Magnitudes. The black dots and error bars are 
the observed surface brightness magnitudes (SB). The fine black dotted line is the 
observed SB interpolated to the velocity data radial positions. The red triangles are the SB 
based on the theoretically derived baryonic mass distribution. 
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( ) ( )
20

d ,
rb

g
GM uGMr k u

r u
Φ = − + ∫                  (12) 

where G is the gravitational constant, bM  is the total baryonic mass of the 
galaxy, gk  is the graviton to photon coupling coefficient and ( )M r  is the 
baryonic mass at radial position r. The positive value of the second term in 
Equation (12) indicates it is an increase in the graviton energy (blue shift) as 
they travel from the photons toward the galaxy mass. The deviation in the path 
of the photon as it travels from the distant star, passing a distance b at closest 
approach to the galaxy and continuing on to the detector at the earth is given by 
[6],  

( ) ( ) ( ) .
r r rr

b r b⊥

∂Φ ∂Φ ∂
∇ Φ = =

∂ ∂ ∂
                  (13) 

Assume,  

2 2 ,r b z= +                         (14) 

where b is the radial distance from the galaxy center which is beyond the bounds 
of the galaxy baryonic mass and z is on a line perpendicular to b which extends 
from the photon source to the observing detector. 1With this definition of the 
nearest approach b to the galaxy, assuming 0gk r∂ ∂ = , the derivative of ( )rΦ  
with respect to r is given by,  

( ) ( )
2 2 2 ,b lens

g
r GM rGM GMk

r r r r
∂Φ

= + =
∂

              (15) 

where the lens mass is defined by,  

( )1 ,lens g bM k M= +                       (16) 

And ( ) bM r M=  because r is greater than the galaxy radius galR . The 
derivative of r with respect to b, using (14), is given by  

.r b
b r
∂

=
∂

                          (17) 

Substituting from Equations (15) and (17) into Equation (13) yields,  

( ) 3 .lensbGMr
r⊥∇ Φ =                      (18) 

Refer to Figure 5 for an illustration of the ray paths associtated with a 
gravitational lens system, where it is shown that the total deflection angle of the 
photon traveling from the source to the observer is given by,  

( ) ( ) ( ).b b bθ α β= +                      (19) 

This total deflection angle ( )bθ  is obtained initially by integrating Equation 
(18) along the line z, expressed by,  

 

 

1For our purposes it will be assumed that there is no mass in the thin shell region of space around 
the distance b from the galaxy center, even though graviton redshift generates a relativistic mass in 
what is traditionally empty space. 
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Figure 5. Geometry of the basic gravitational lens system [7]. 
 

( ) ( )

( )

( )

2

2 2 2 3 2

2 3 22

2

2ˆ d

2 d

2 d

1

4 ,

lens

lens

lens

b z r
c
bGM z

c b z

GM x
c b x

GM
c b

α
∞

⊥−∞

∞

−∞

∞

−∞

= ∇ Φ

=
+

=
+

=

∫

∫

∫
                (20) 

where there is a change of variable x z b= . In Equation (20), the first factor of 
2 comes from general relativity theory and the second factor of 2 comes from the  

integral of ( ) 32 2
d 1x x

−
+  with x going from −∞  to +∞ . 

Then, from Equation (20) the angle ( )bα  is given by,  

( ) ( ) 2
4ˆ ,LS LS lens

S S

D D GMb b
D D c b

α α= =                 (21) 

where LD  is the angular diameter distance from the observing detector to the 
lens, SD  is the angular diameter distance from the detector to the source, and 

LSD  is the angular diameter distance from the lens to the source. The impact 
parameter of the light path to the lens is b, given by  

( ).Lb D bθ=                         (22) 

For a source which is on the center line thru the detector and lens, the angle 
( ) 0bβ = , which, by combining Equations (19), (21) and (22), implies that,  

( ) ( ) ( ) ( )2
4ˆ .LS LS lens

S S L

D D GMb b b
D D c D b

θ α α
θ

= = =             (23) 

In this case, where ( ) 0bβ = , from Equation (23) the angle ( )E bθ θ=  of 
the Einstein ring is given by,  
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2
4 ,LS lens

E
L S

D GM
D D c

θ =                     (24) 

which is the standard expression. For ( ) 0bβ ≠ , use Equations (19), (21), (22) 
and (24) to derive the quadratic equation in θ ,  

( ) ( ) ( )2 2 0,Eb b bθ β θ θ− − =                   (25) 

which has two solutions,  

( ) ( ) ( )( )2 21 4 .
2 Eb b bθ β β θ

±
= ± +                (26) 

4.1. Einstein Ring JWST-ER1r 

The gravitational lens system at redshift 1.94z =  was detected by the James 
Webb Space Telescope [8] in 2023 [9]. It is a galaxy of estimated stellar mass 

111.1 10bM M= ×


 (JWST-ER1g). The Einstein ring (JWST-ER1r) subtends an 
angle of 1.54 arcsec in diameter and is determined to have a radius at the center 
of the ring of 6.6kpc. The source of the ring is determined to be a galaxy at 
redshift 2.98z = . 

The general relativity λ  cold dark matter model comoving distance is given 
by  

( )0 3
0

d ,
1

z
c

M

c uD
H u Λ

=
Ω + +Ω

∫                  (27) 

where H0 is the Hubble constant, MΩ  is the matter density parameter, ΛΩ  is 
the mass density parameter due to the cosmological constant and z is the redshift 
of the source. For this gravitational lens, take 0.271MΩ =  and 0.729ΛΩ = , 
with 1 1

0 70 km s mpcH − −= ⋅ ⋅ . For a situation where there is an intermediate 
source at redshift z1 the comoving distance (27) can be expressed,  

1 12 ,c c cD D D= +                         (28) 

where the comoving distance  

( )
1

1 0 3
0

d ,
1

z
c

M

c uD
H u Λ

=
Ω + +Ω

∫                  (29) 

and the comoving distance  

( )1
12 3

0

d .
1

z
c z

M

c uD
H u Λ

=
Ω + +Ω

∫                  (30) 

The angular diameter distance DA  of the comoving distace cD  at redshift z 
is defined,  

.
1

cDDA
z

=
+

                          (31) 

Similarly the angular diameter distance 1DA  of the comoving distance 1cD  
at redshift z1 is defined,  

1
1

1

.
1

cDDA
z

=
+

                         (32) 

https://doi.org/10.4236/jhepgc.2024.103059


F. J. Oliveira 
 

 

DOI: 10.4236/jhepgc.2024.103059 976 Journal of High Energy Physics, Gravitation and Cosmology 
 

Combining Equations (31) and (32) into Equation (28), with some manipu- 
lations yields,  

( )1 1 121
,

1 1
cz DA DDA

z z
+

= +
+ +

                    (33) 

where the angular diameter distance 12DA  is defined,  

12
12 .

1
cDDA

z
=

+
                         (34) 

Substituting Equation (34) into Equation (33) and simplifying to get 12DA  in 
terms of the other distances yields,  

1
12 1

1 .
1

zDA DA DA
z

+
= −

+
                    (35) 

4.2. Derivations for Einstein Ring JWST-ER1r 

Regarding JWST-ER1, the angular diameter distance LD  of the lensing galaxy 
at redshift 1.94, from Equation (27) is given by,  

( )
1.94

0 3
0

1 d ,
1 1.94 0.271 1 0.729

L
c uD

H u
=

+ + +
∫             (36) 

where 1 1
0 70.0 km s mpcH − −= ⋅ ⋅  and gives a value 31.7767 10 mpcLD = × . Like- 

wise, the angular diameter distance SD  of the source at redshift 2.98, from 
Equation (27) is given by,  

( )
2.98

0 3
0

1 d ,
1 2.98 0.271 1 0.729

S
c uD

H u
=

+ + +
∫             (37) 

which gives a value 31.6400 10 mpcSD = × . Finally, using Equation (35) the value 
of the angular diameter distance LSD  from the lens to the source at redshift 2.98 
is given by,  

1 1.94 ,
1 2.98LS S LD D D+

= −
+

                    (38) 

which derives a value 30.3275 10 mpcLSD = × . 
The lens mass lensM  of galaxy JWST-ER1g is determined by inverting Equation 

(24),  

( )( )
( )

2
2

3 3 22

3

11

4

1.7767 10 mpc 1.6400 10 mpc
0.77

180 3600 4 0.3275 10 mpc

6.476 10 M .

L S
lens E

LS

D D cM
GD

c

G

θ=

× ×
=

× ×

= ×

π 
 
 



   (39) 

The impact parameter b of the light path at the lens galaxy JWST-ER1g is 
given by Equation (22), which can be determined using the observed ring diameter 
angle 0.77 arcsecθ =  and the distance LD  to the lens, expressed by  

31.7767 10 mpc 0.77
180 3600

6.632 kpc.

Lb D θ=

= × ×
×

=

π               (40) 
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Figure 6 shows the galaxy JWST-ER1g (red circle) and ring (black circle). All 
angular diameter distances have been double checked for accuracy using the 
cosmological calculator at [10]. Figure 7 shows the combined mass distributions 
of the galaxy and ring system, where the dashed blue line is the sum of the stellar 
mass and dark matter mass, which amounts to just 35% of the lens mass at the 
distance of the impact parmeter 6.632 kpcb = . 
 

 
Figure 6. JWST-ER1 galaxy and Einstein ring curves. The solid black circle represents the 
center of the Einstein ring. The solid red circle represents the bounds of the galaxy. 
 

 
Figure 7. JWST-ER1 mass distribution curves. The black dashed line with open circles is 
the stellar mass using the Hernquist profile [11], [14]. The solid black line is the graviton 
redshift mass using the Hernquist profile. The solid red line is the sum of the stellar mass 
and graviton redshift mass. The dashed black line is the dark matter mass using a simple 
power law mass distribution as in [12]. The dashed blue line is the sum of the stellar mass 
and dark matter mass, which amounts to just 35% of the lens mass at the distance of the 
impact parameter 6.632 kpcb = . 
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4.3. About the Lensing Galaxy JWST-ER1g 

For this study assume that the lensing galaxy is an elliptical with a simulated 
stellar mass distribution based on the Hernquist profile [11], defined in [12] and 
[13], in the form  

( ) ( )
( )

2

* 2

1
,

1
bSal Sal

SPS
b b

F r RrM r M
R r R

α
− 

=  
− 

              (41) 

where *
SalM  is the stellar (baryonic) mass, Sal

SPSα  is the Salpeter Stellar Population 
Synthesis parameter representing the uncertainty of the initial mass function 
(IMF), bR  is a reference radius based on an effective radius eR , and ( )F u  is 
defined by,  

( ) ( )
( )

2

2

2

2

1 atanh 1 if 1,
1

1 atan 1 if 1,
1

1 if 1.

F u u u
u

u u
u

u

= − <
−

= − >
−

= =

             (42) 

The values for 0.09
0.080.92Sal

SPSα +
−=  are from stellar population studies [12]. The 

galaxy stellar mass equals bM  within the full galaxy radius gal eR xR=  for some 
factor x. The dark matter mass profile is provided from [12] for comparative 
purposes. This is defined as,  

( )
3

* ,
DM

Sal
DM DM

e

rM r M A
R

γ+
 

=  
 

                 (43) 

where DMA  and DMγ  are parameters determined by best fit from population 
studies. As described in [12], the best fit parameters for  

( ) * 0.21 0.04Sal
DM DM eA M r R M= < = ±  and for 0.18

0.131.60DMγ +
−= − . 

The circular velocity ( )v r  of objects within the galaxy is given by Equation 
(3), with Newtonian energy and graviton energy redshift,  

( ) ( ) ( ) ( )
20

2 d ,
r

f
b

GM r M r GM u
v r k u

r M u
= + ∫             (44) 

where fk  is the graviton coupling coefficient and the baryon mass beyond the 
galaxy radius galR  is the galaxy total baryon mass,  

( ) .gal bM r R M> =                       (45) 

The total galaxy mass ( )galM r  within central distance r, which includes 
stellar mass, molecular gas mass and graviton redshift mass, from Equation (44), 
is given by,  

( ) ( ) ( ) ( ) ( ) ( )
20

2 d ,
Rx r

gal f
b

M r M u
M r M r k Rx r u

M u
= + ∫          (46) 

where ( )Rx r r=  if galr R< , otherwise ( ) galRx r R= . Assuming that the impact 

parameter b is greater than the full galaxy radius galR , the lens mass, Equation 
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(39), equals the galaxy total mass at the galaxy radius galR , ( )lens gal galM M R= . 

From Equation (46), setting r b= , this is expressed by,  

( ) ( )
20

2 d ,galR
lens gal b f gal

M u
M M b M k R u

u
= = + ∫            (47) 

where the baryon mass ( ) bM b M= , the total baryon mass of the galaxy. Equations 
(39) and (47) imply that,  

( ) ( )2
2

20
2 d ,

4
galRL S

lens E gal gal b f gal
LS

M uD D cM M R M k R u
GD u

θ= = = + ∫      (48) 

where, in the integral, the stellar mass ( )gal bM u R M≥ = . From Equation (48) 
an expression for the graviton to photon coupling coefficient gk  defined in 
Equation (12) is expressed by,  

( )
20

2
d ,galRf gal

g
b

k R M u
k u

M u
= ∫                   (49) 

which ensures that in Equation (15), 0gk r∂ ∂ =  for galr R> . From Eqs. (48) 
and (49) it is evident that the galaxy mass increase ( g bk M ) due to the energy 
increase of gravitons traveling from the photons into the galaxy resembles the so 
called dark matter. 

This lensing galaxy is at redshift 1.94lz = . The source galaxy which forms 
the ring is at redshift 2.98sz = . The effective radius of the galaxy is  

( )0.46 arcsec 180 3600 3.962 kpceR DL= × × × =π . The Einstein ring radius is  

( )0.77 arcsec 180 3600 6.632 kpcEb DL DL= Θ × = × × × =π . From these para- 
meters, define the galaxy size radial distance 1 3.962 kpcgal eR R= × = . The radius 
parameter 0.511 2.025 kpcb eR R= × = . The stellar mass of the galaxy is estimated 

to be 11
* 1.10 10 MSalM = ×



. 

Figure 8 shows the graviton redshift theoretical components of the rotation 
velocities for galaxy JWST-ER1 [9]. The velocity distributions of the Newtonian 
rotation curve (black dashed line with open circles), the graviton redshift boost 
to the velocity curve (black dashed line) and the sum of these curves (solid black 
line) forming the predicted rotational velocity curve for massive objects rotating 
in the galaxy. 

Two other lens systems with Einstein rings are analysed, by the same methods 
as for JWST-ER1, from the COSMOS field [15]. These are COSMOS 5921 + 
0638 [16] at a redshift 0.551lz = , and COSMOS 0018 + 3845 [15] at a redshift 

0.9755lz = . For both of these systems the cosmological parameters used were 
1 1

0 70 km s mpcH − −= ⋅ ⋅ , 0.3MΩ =  and 0.7ΛΩ = . 
Figures 9-11 show the results for COSMOS 5921 + 0638. The solid red line on 

Figure 10 is the sum of stellar and graviton redshift masses, and the dashed blue 
line is for the stellar plus dark matter masses, which amounts to 100% of the lens 
mass for both methods at the distance of the impact parameter 4.621 kpcb = . It 
is remarkable that the graviton redshift fit is quite similar to the standard dark 
matter fit. 
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Figure 8. JWST-ER1 rotational velocity distribution curves using the Hernquist profile 
[12]. The black dashed line with open circles is the Newtonian velocity curve. The black 
dashed line is the graviton gravitational redshift boosted velocity curve. The solid black 
line is the Newtonian plus graviton gravitational redshift boosted theoretical circular 
velocity. 
 

 
Figure 9. COSMOS 5921 + 0638 galaxy and Einstein ring curves. The solid black circle 
represents the center of the Einstein ring. The solid red circle represents the bounds of 
the galaxy. 
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Figure 10. COSMOS 5921 + 0638 mass distribution curves. The black dashed line with 
open circles is the stellar mass using the Hernquist profile [11] [14]. The solid black line is 
the graviton redshift mass using the Hernquist profile. The solid red line is the sum of the 
stellar mass and graviton redshift mass. The dashed black line is the dark matter mass 
using a simple power law mass distribution as in [12]. The dashed blue line is the sum of 
the stellar mass and dark matter mass, which amounts to 100% of the lens mass at the 
distance of the impact parameter 4.621 kpcb = . 

 

 
Figure 11. COSMOS 5921 + 0638 rotational velocity distribution curves using the 
Hernquist profile [12]. The black dashed line with open circles is the Newtonian velocity 
curve. The black dashed line is the graviton gravitational redshift boosted velocity curve. 
The solid black line is the Newtonian plus graviton gravitational redshift boosted theoretical 
circular velocity. 
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The results for COSMOS 0018 + 3845 are shown in Figures 12-14. The 
dashed blue line on Figure 13 is the sum of the stellar mass and dark matter 
mass, which amounts to just 18% of the lens mass at the distance of the impact 
parmeter 10.508 kpcb = . 

Tables 2-5 show the parameters used and results obtained for the analysis of 
all three lenses. 
 

 
Figure 12. COSMOS 0018 + 3845 galaxy and Einstein ring curves. The solid black circle 
represents the center of the Einstein ring. The solid red circle represents the bounds of 
the galaxy. 
 

 
Figure 13. COSMOS 0018 + 3845 mass distribution curves. The black dashed line with 
open circles is the stellar mass using the Hernquist profile [11], [14]. The solid black line 
is the graviton redshift mass using the Hernquist profile. The solid red line is the sum of 
the stellar mass and graviton redshift mass. The dashed black line is the dark matter mass 
using a simple power law mass distribution as in [12]. The dashed blue line is the sum of 
the stellar mass and dark matter mass, which amounts to just 18% of the lens mass at the 
distance of the impact parameter 10.508 kpcb = . 
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Figure 14. COSMOS 0018 + 3845 rotational velocity distribution curves using the 
Hernquist profile [12]. The black dashed line with open circles is the Newtonian velocity 
curve. The black dashed line is the graviton gravitational redshift boosted velocity curve. 
The solid black line is the Newtonian plus graviton gravitational redshift boosted theoretical 
circular velocity. 
 

Table 2. Lens galaxy parameters. 

Galaxy 0H  MΩ  ΛΩ  Z Z 

 km∙s−1∙mpc−1   Lens Source 

JWST-ER1 70 0.271 0.729 1.94 2.98 

COSMOS 5921 + 0638 70 0.3 0.7 0.551 3.14 2 

COSMOS 0018 + 3845 70 0.3 0.7 0.9755 3.96 

 
Table 3. Lens galaxy parameters. 

Galaxy DL DS DLS 

 103 mpc 103 mpc 103 mpc 

JWST-ER1 1.777 1.640 0.3275 

COSMOS 5921 + 0638 1.324 1.567 1.071 

COSMOS 0018 + 3845 1.642 1.440 0.7860 

 
Table 4. Lens galaxy parameters. 

Galaxy bM  lensM  eR  b Sal
SPSα  DMA  DMγ  

 1010 M


 1110 M


 kpc kpc    

JWST-ER1 11.0 6.476 3.962 6.632 1.002 0.21 −1.60 

COSMOS 5921 + 0638 6.32 1.233 2.631 4.621 0.92 0.19 −1.70 

COSMOS 0018 + 3845 5.37 6.436 2.388 10.508 0.92 0.21 −1.60 
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Table 5. Lens galaxy parameters. 

Galaxy EΘ  *
SalM  bR  galR  fk  gk  

 arcsec 1110 M


 kpc kpc   

JWST-ER1 0.77 1.10 2.025 3.962 0.541 4.887 
COSMOS 5921 + 0638 0.72 1.32 1.345 2.631 0.1055 0.950 
COSMOS 0018 + 3845 1.32 1.12 1.220 2.388 1.215 10.984 

5. Discussion 

The fitting of spiral galaxy rotation curves using the theory of graviton gravitational 
redshift in the galaxy field may be perceived as not adding anything new to the 
explanation of high velocity rotations which flatten out at large radial distances, 
since these are adequately explained by other dark matter theories, particularly, 
in principle, in the framework of extended gravity [17], although gravitons are 
more likely to exist than dark matter particles and the graviton redshift theory 
can explain binary star system decay without the emission of gravitational waves 
[18]. Also, showing how the stellar mass distribution derived from the graviton 
redshift method can be used to explain the galaxy surface brightness magnitudes 
does not offer anything extraordinary. 

However, it is in gravitational lensing where this theory may have revealed its 
significance, because it has been shown how the graviton redshift theory can 
explain the lens mass when dark matter theory cannot, as in the cases of the ring 
systems in JWST-ER1 and COSMOS 0018 + 3845. The fundamental property 
about graviton gravitational redshift is that the total galaxy mass ( )galM r r∝  
at large distance, since the gravitational redshift continues to act at larger 
distance r and add more relativistic mass to the system. Assume that most of the 
baryonic mass bM  is within a radius e galR R≤ . Then, for er R> , expand 
Equation (48) into the form,  

( ) ( )

( )

2 20

d2 d

2

1 2 ,

e

e

R r
gal e b f b R

b b b
b f

a e

f b

M u uM r R M k r u M
u u

M M MM k r
R R r

k M Br

 
> ≈ + + 

 
 

= + + − 
 

= − +

∫ ∫

        (50) 

where ( )
20

deRb

a

M uM u
R u

− ∫  for some distance aR  and 
1 12 f b

a e

B k M
R R

 
= + 

 
. 

All of the lens systems in this study displayed this approximately ( )galM r r∝  

relation, although the integrations were terminated at the galaxy radius galR .  

The behavior of extending the graviton interaction distance beyond the galaxy 
radius would result in a stream of concentric rings at the lens site from a single 
source beyond the lens galaxy (or galaxy cluster.) This needs further study. 
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