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Abstract: The impact of non-Gaussian height distribution and spectral properties on the lubrication 

performance of counterformal (point) contacts is quantitatively studied (film parameter, Λ, and as-

perity load ratio, La) by developing a mixed lubrication model. The Weibull height distribution func-

tion and power spectral density (PSD) are used to generate artificial surface topographies (non-

Gaussian and Gaussian, isotropic), as these surface topographies are found in many tribological 

components. The set of variables needed to parametrize and their effect on mixed lubrication is 

discussed, including the shape parameter, the autocorrelation length, the wavelength ratio, and the 

Hurst coefficient. It is revealed that a rough surface with a lower shape parameter exhibits higher 

hydrodynamic lift. The spectral properties (the autocorrelation length and the wavelength ratio) of 

rough surfaces significantly affect the film parameter and the hydrodynamic and asperity pressures. 

The film parameter is slightly influenced by the Hurst coefficient. 

Keywords: mixed lubrication; wavelength ratio; correlation length; film thickness; surface  

roughness; Hurst coefficient; Weibull height distribution; asperity load ratio 

 

1. Introduction 

In the 21st century, due to enormous advancements in the computational modeling 

of tribological contacts and experimental methods, it can be clearly concluded that surface 

roughness has a vital effect on the lubrication performance of major tribological compo-

nents, such as rolling element bearings, gears, and cams [1]. Under relative motion, the 

surface roughness of mating tribological components results in asperity contacts, which 

cause a significant reduction in the lubrication performance [2]. On the other hand, low-

viscosity lubricants are used nowadays in many industrial applications to reduce viscous 

losses [3]. Due to the aforementioned reasons, the film thickness between two rubbing 

surfaces may not be thick enough to completely separate the contacting surfaces. As a 

result, partial asperity contacts ensue, which lead to higher friction, wear, and contact 

temperature. This situation is commonly known as mixed lubrication (ML) and can be 

observed in counterformal contacts, e.g., rolling element bearings, gears, cams, etc. [4]. In 

a mixed lubrication regime, the total transmitted load (total normal load) is partially car-

ried by the asperities (known as the asperity load) as well as the fluid film (known as the 

hydrodynamic load). Therefore, in a mixed lubrication regime, the surface topography of 

the rubbing surfaces and the rheological properties of the lubricant are equally important 

for an accurate determination of the film parameter (Λ) and coefficient of friction. 

Generally, to investigate mixed lubrication, two modeling approaches have been 

used: deterministic modeling [5–7] and stochastic modeling [8,9]. In the deterministic 

modeling approach, surface roughness patches are directly used in the gap height equa-

tion. The Reynolds and load balance equations are solved in a coupled manner by moving 
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the roughness over the contact zone in different time steps. This way, actual hydrody-

namic and asperity pressures can be determined directly. However, this approach has 

some difficulties, such as solution schemes, numerical instability, high computational 

time, and discretization of the Couette term. These limitations of deterministic modeling 

make this approach difficult to use for fast computation [10]. Several improvements have 

been proposed to tackle difficulties in the deterministic modeling approach [11]. Never-

theless, the stochastic modeling approach only needs the statistical information of rough 

surfaces and average quantities (average film thickness, average hydrodynamic pressure, 

and average asperity pressure), which are predicted by solving the coupled equations [12]. 

Patir and Cheng [8,13] were the first to include the roughness effect in the Reynolds equa-

tion by implementing flow factors, and average hydrodynamic pressure and film thick-

ness distributions were obtained. To calculate the asperity contact pressure, various sta-

tistical and deterministic elastic and elastic–plastic contact models have been used [14–

17]. Due to its easy implementation and fast computational ability, the average flow model 

based on PC (Patir and Cheng) flow factors has extensively been used for mixed lubrica-

tion analysis of conformal and counterformal contacts [18,19]. Despite having many ad-

vantages, average flow-based mixed lubrication models also have some limitations. As 

stated in Ref. [20], the average Reynolds equation modified by PC is valid only if the film 

parameter, Λ (hmin/σ), is greater than 0.5. Also, PC flow factors are valid for isotropic or 

anisotropic rough surfaces having a Gaussian distribution of asperity heights [20]. Zhu 

and Cheng [12] conducted a detailed mixed lubrication analysis employing PC flow fac-

tors. They concluded that for Λ > 0.5, the load taken by asperities is usually a small part 

of the total transmitted load [12]. Masjedi and Khonsari [20,21] developed formulas for 

calculating the minimum and central film thickness and asperity load ratio for the point 

and line configurations, considering the Gaussian nature of rough surfaces and material 

hardness. The formulas for calculating the asperity load ratio and film thickness (central 

and minimum) for different roughness lays (transverse, longitudinal, and isotropic) were 

also developed by Masjedi and Khonsari [22]. Moraru and Jr. [23] employed the amplitude 

reduction theory (ART) to consider the fluid-induced elastic deformation in a PC average 

flow model. Wu et al. [24] compared simulated Stribeck curves using a PC average flow 

model with experimental Stribeck curves, and a good match was found. Zhang et al. [25] 

employed a PC average flow model for their mixed lubrication analysis and concluded 

that low roughness, larger asperity radius, and transverse roughness lay exhibit a lower 

coefficient of friction. Gu et al. [18] employed a PC average flow model to study the tran-

sient mixed lubrication problem, and a good match was found with published experi-

mental results (smooth surface with moving texture and rough surface with moving tex-

ture). Leighton et al. [26] developed formulas for calculating flow factors (pressure, shear, 

and shear stress) for cross-hatched rough surfaces. 

It is well known that real engineered rough surfaces produced by conventional ma-

chining processes exhibit non-Gaussianity in roughness heights [27]. Therefore, non-

Gaussian effects are of utmost importance to consider in the average Reynolds equation 

and also in the asperity contact models for an accurate prediction of mixed lubrication 

parameters as well as the coefficient of friction [28]. When it comes to the research related 

to the non-Gaussian roughness effect on mixed lubrication, particularly for non-conformal 

(point or line) contacts, fewer attempts have been made earlier. Morales-Espejel [29] de-

veloped a method to calculate the non-Gaussian flow factors for known values of skew-

ness, kurtosis, and corresponding Gaussian flow factors. For non-Gaussian roughness, the 

effect of asperity elastic deformation and inter-asperity cavitation on flow factors was 

studied by Kim and Cho [30] and Meng et al. [31], respectively. Pei et al. [27] developed 

formulas for calculating the asperity load ratio and film thickness (minimum and central) 

considering the non-Gaussian roughness (skewness and kurtosis). Guo et al. [28] em-

ployed a PC average flow model to study the non-Gaussian roughness effect on film thick-

ness and asperity load ratio for non-conformal point contacts. Three different types of 

frequency curves using the Johnson translator system were used to obtain the Probability 
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Density Function (PDF) of asperity heights with non-Gaussianity [28]. The non-Gaussian 

roughness was considered to predict the surface wear and roughness parameters during 

the running-in of line contacts under mixed lubrication [32]. The influence of non-Gauss-

ian rough-textured surfaces on tribological properties was studied by Gu et al. [33]. They 

showed that a surface with more negative skewness or lower kurtosis exhibits better tribo-

logical performance. Prajapati et al. [34] developed a mixed lubrication model to study the 

non-Gaussian roughness effect on a piston ring/line conjunction. They found that a sur-

face with more negative skewness shows lower total engine frictional force near the vicin-

ity of dead centers. Recently, non-Gaussian flow factors were considered to study the 

tribological properties of water-lubricated journal bearings [35]. 

It can be outlined from the above literature that some efforts have been made for the 

analysis of mixed lubrication considering the non-Gaussian roughness (skewness, kurto-

sis, and standard deviation) and roughness orientations (or roughness lays). However, 

there are several other factors (wavelength ratio, correlation length, and Hurst coefficient) 

that are also equally important in the study of rough surface characteristics [36]. Basically, 

these factors are related to the spectral properties of rough surfaces, and may also signifi-

cantly affect lubrication performance. A mixed lubrication analysis for counterformal con-

tacts showing the effect of the spectral properties of rough surfaces is clearly absent in the 

literature. Therefore, it is highly relevant to implement these surface features in the mixed 

lubrication (ML) analysis of heavily loaded counterformal contacts. The primary aim of 

the present work is to investigate the effect of various surface features on the film param-

eter (Λ) and asperity load ratio (𝐿𝑎 = {asperity load total applied load⁄ } × 100 ). In this 

work, artificially generated surface topographies (non-Gaussian and Gaussian, isotropic) 

have physical relevance because these natures of rough surfaces have been frequently ob-

served in many tribological components [37]. The average Reynolds equation developed 

by PC is modified by implementing non-Gaussian flow factors [29]. As stated above, the 

deterministic modeling approach is one of the most suitable methods to study the rough-

ness effect in EHL counterformal contacts, but this method also imposes a huge computa-

tional cost. Previously, for the counterformal point contacts under pure rolling conditions, 

the nebula parameter (∇) was derived using the ART approach for anisotropic Gaussian 

harmonic surfaces [38]. Sperka et al. [39] performed several ball-on-disc tests under pure 

rolling conditions to validate the amplitude ratio calculated from a fast Fourier transform 

(FFT)-based approach (the FFT method was used to decompose the real surface into har-

monic components) with the conventional formula of amplitude ratio using ART theory 

for isotropic surfaces [39]. They were able to experimentally confirm that roughness de-

formation is component dependent and that long wavelengths deform more than short 

wavelengths [39]. They also found a good agreement in amplitude ratio for different com-

ponents predicted by their approach and conventional ART [39]. However, in the context 

of the present work, it is uncertain if the nebula parameter (∇) which was mainly derived 

for anisotropic Gaussian harmonic rough surfaces is valid also for the non-Gaussian rough 

surfaces [38]. Due to this uncertainty, fluid-induced roughness deformation is not consid-

ered in the present mixed lubrication model, and a conventional stochastic modeling ap-

proach is adopted in the present work. The ZMC [16] elastic–plastic model is used to cal-

culate the asperity contact pressure. The Persson system of frequency curves [40] is em-

ployed to determine the PDF of non-Gaussian rough surfaces. The asperity contact pres-

sure is integrated into the film thickness equation, and along with Reynolds and load bal-

ance equations, the true solution is obtained by employing an EHL-FBNS solver, which is 

also extended in this work, according to Ref. [18] for mixed lubrication analysis. A detailed 

investigation is conducted to study the effect of various surface features on the lubrication 

performance of heavily loaded counterformal contacts. The developed mixed lubrication 

model is also validated with published results. 
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2. Materials and Methods 

2.1. Average Reynolds Equation 

Patir and Cheng [13] modified the Reynolds equation, in which the influence of sur-

face roughness is modeled utilizing flow factors. Assuming isothermal and steady-state 

conditions and the Newtonian behavior of the lubricant, the dimensional average Reyn-

olds equation with consideration of mass conservation cavitation [41] can be written as 

shown in Equation (1) [13]: 

𝜕

𝜕𝑥
(𝜙𝑥

𝑁𝐺
𝜌ℎ3

12𝜂

𝜕𝑝ℎ
𝜕𝑥
) +

𝜕

𝜕𝑦
(𝜙𝑦

𝑁𝐺
𝜌ℎ3

12𝜂

𝜕𝑝ℎ
𝜕𝑦

) = 𝑢𝑚
𝜕(𝜌ℎ𝑇[1 − 𝜃])

𝜕𝑥
   (1) 

with cavitation constraints  𝜃. 𝑝ℎ = 0,  𝑝ℎ ≥ 0, 𝜃 ≥ 0  

It can be seen from Equation (1) that the average Reynolds equation contains non-

Gaussian pressure flow factors (𝜙𝑥
𝑁𝐺 and 𝜙𝑦

𝑁𝐺), and these flow factors are defined in this 

work as given in Equation (2) [29]: 

𝜙𝑥
𝑁𝐺 =

{
 
 

 
 𝜙𝑥 +

𝑆𝑠𝑘

ℎ∗3
,     ℎ∗≥ 0.5,                                                          𝛾 ≥ 1

1

1 𝜙𝑥 + (−10
𝑆𝑠𝑘
ℎ∗3

+ 15
𝑆𝑘𝑢 − 3

ℎ∗4
)⁄
,     ℎ∗≥ 0.75,                 𝛾 < 1

                (2) 

𝜙𝑦
𝑁𝐺(ℎ∗, 𝛾) = 𝜙𝑥

𝑁𝐺(ℎ∗, 1 𝛾⁄ )  

where 𝑢𝑚 = (𝑢2 + 𝑢1) 2⁄  is the mean rolling speed in the x direction; u1 and u2 are the 

speeds of surface 1 and surface 2, respectively (see Figure 1); x and y are the axes along and 

perpendicular to the rolling direction, respectively; 1 − 𝜃 is the film fraction related to the 

cavitation; ph is the hydrodynamic pressure; h is the film thickness; ρ is the density of the 

lubricant; μ is the zero-shear viscosity of the lubricant; ℎ∗ is the ratio of the film thickness 

(h) to the composite roughness (σ); Ssk is the skewness; Sku is the kurtosis; γ is the pattern 

ratio; ϕx and ϕy are the pressure flow factors for the Gaussian surface in the x and y direc-

tions, respectively, and calculated using Patir and Cheng [13] expressions; and hT is the 

average gap defined as (Equation (3)) [13]: 

ℎ𝑇 = ∫ (ℎ + 𝑧). 𝜓(𝑧). 𝑑𝑧
∞

−ℎ

 (3) 

where 𝜓(𝑧) is the Probability Density Function of asperity heights, which is explained 

later in Section 2.4.1; z = z1 + z2 is the summation of asperity heights, as shown in Figure 1; 

z1 is the asperity height from the mean plane of surface 1; z2 is the asperity height from the 

mean plane of surface 2; Rx1 and Rx2 are the radius of curvature of surface 1 and surface 2, 

respectively; and Rx is the reduced radius of curvature; the symbols ys and d are defined 

in Section 2.4. According to the Greenwood and Williamson (GW) theory [14], the contact 

between two rough surfaces can be considered the contact between a smooth, rigid plane 

and an equivalent (composite) rough surface. 
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Figure 1. Schematic of contact between two moving rough surfaces. 

2.2. Lubricant Properties 

In this work, the lubricant viscosity-pressure relationship was formulated using the 

Roelands equation (Equation (4)) [18]. Whereas, for the lubricant density–pressure rela-

tionship, the expression given by Dowson and Higginson [18] was used (Equation (5)): 

µ = µ0. 𝑒𝑥𝑝((𝑙𝑛(𝜇0) + 9.67). (−1 + (1 + 5.1 × 10
−9𝑝ℎ)

𝑍𝑅)) (4) 

𝜌 = 𝜌0 (1 +
0.6𝑝ℎ

1 + 0.7𝑝ℎ
) (5) 

where μ0 is the viscosity at ambient conditions; ρ0 is the density at ambient conditions; 

and ZR is the viscosity–pressure index, which was assumed to 0.68 [28]. 

2.3. Lubricant Film Thickness 

Another important parameter in the lubrication analysis is the film thickness, or the 

gap height between the mating bodies. The gap height (h) is the function of the rigid body 

approach (hd), the gap height due to the geometry of contacting surfaces (hg), and the gap 

height due to elastic deformation of the surfaces (δ). An expression of the gap height (h) 

is given in Equation (6): 

ℎ(𝑥, 𝑦) = ℎ𝑑 + 𝛿(𝑥, 𝑦) + ℎ𝑔(𝑥, 𝑦) (6) 

ℎ𝑔(𝑥, 𝑦) =
(𝑥2 + 𝑦2)

𝑅𝑥
  

In mixed lubrication, the total pressure generated within the contact zone is 

supported by both asperity (pa) and hydrodynamic film (ph) pressures and causes an elastic 

deformation of the mating bodies. The elastic deformation of the surfaces due to ph and pa 

is given in Equation (7) [9]: 

𝛿(𝑥, 𝑦) =
2

𝜋𝐸𝑒𝑞
.∬ (

𝑝ℎ(𝑥1, 𝑦1) + 𝑝𝑎(𝑥1, 𝑦1)

√(𝑥 − 𝑥1)
2 + (𝑦 − 𝑦1)

2
)

𝐴ℎ

   (7) 
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The boundary element method (BEM) was used to discretize the domain area (AH). 

The fast Fourier transform (FFT) was used to speed-up the computation of the elastic de-

formation. More information on the calculation of elastic deformation using the fast Fou-

rier transform can be found elsewhere [42]. 

In mixed lubrication, the external applied load (FN) should be balanced with the total 

load (Ftot) due to hydrodynamic and asperity pressures. The expression for the load bal-

ance is given in Equation (8): 

𝐹𝑡𝑜𝑡 =∬ (𝑝ℎ(𝑥, 𝑦) + 𝑝𝑎(𝑥, 𝑦))
𝐴ℎ

. 𝑑𝑥. 𝑑𝑦 (8) 

2.4. Asperity Contact Pressure 

In this work, the elastic–plastic contact model developed by Zhao et al. [16] was used 

for the calculation of asperity contact pressure (pa). The expression of asperity pressure, 

including three stages of asperity deformation (elastic, elastic–plastic, and full plastic), is 

defined as shown in Equation (9): 

𝑝𝑎 =
2

3
𝐸𝑒𝑞 . (𝜁). √

𝜎

𝛽
.∫ (𝜔∗)1.5. 𝜓(𝑧∗)𝑑𝑧∗

𝑑∗+𝜔1
∗

𝑑∗

+ 2𝜋.𝐻𝑑 . 𝜁. ∫ (𝜔∗)1.5. 𝜓(𝑧∗)𝑑𝑧∗
∞

𝑑∗+𝜔2
∗

+ 𝜋.𝐻𝑑 . 𝜁. ∫ (𝜔∗)1.0. 𝜓(𝑧∗) × [1 − 0.6
𝑙𝑛𝜔2

∗ − 𝑙𝑛𝜔∗

𝑙𝑛𝜔2
∗ − 𝑙𝑛𝜔1

∗]
𝑑∗+𝜔2

∗

𝑑∗+𝜔1
∗

× [1 − 2(
𝜔∗ − 𝜔1

∗

𝜔2
∗ −𝜔1

∗)

2

+ 3(
𝜔∗ −𝜔1

∗

𝜔2
∗ −𝜔1

∗)

3

] 𝑑𝑧∗                  

(9) 

where 𝜁 = 𝜂𝛽𝜎, 𝜓(𝑧). 𝑑𝑧 = 𝜓(𝑧∗). 𝑑𝑧∗; η is the density of summit; β is the mean summit 

radius; 𝑑∗ = ℎ∗ − 𝑦𝑠
∗ is the distance between the smooth, rigid plane and the mean plane 

of the summit height; 𝑦𝑠
∗ is the distance between the mean plane of the surface and sum-

mit height; 𝜔∗ = 𝑧∗ − 𝑑∗  is the asperity deformation; 𝜔1
∗ = (1.2𝜋𝐻𝑑 4𝐸𝑒𝑞⁄ ). (𝛽 𝜎⁄ ),  𝜔2

∗ =

54.𝜔1
∗; and Hd is the hardness of the material. It should be noted that the starred (*) varia-

bles are normalized by σ. 

2.4.1. Probability Density Function for the Non-Gaussian Surface 

It can be seen from Equations (3) and (9) that the PDF of asperity height is required 

for the known values of mean, root-mean-square roughness (σ), skewness (Ssk), and kur-

tosis (Sku) to calculate the average gap height (hT) and asperity contact pressure (pa). In this 

work, the Pearson system of frequency curves, which is based on the method of moments, 

was utilized to generate an equation for the different types of PDFs, for which the first 

four moments (mean, σ, Ssk, and Sku) are known [40]. To use the different PDF equations, 

a criterion according to Equation (10) was defined by Pearson [40]. By varying the skew-

ness and kurtosis and correspondingly 𝜅, different types of Pearson curves can be ob-

tained [40]. More information on different types of PDF functions can be found elsewhere 

[40]. Figure 2 shows the plot of normalized PDFs for different combinations of skewness 

and kurtosis. 

𝜅 =
𝑆𝑠𝑘
2 . (𝑆𝑘𝑢 + 3)

2

4(2𝑆𝑘𝑢 − 𝑆𝑠𝑘
2 − 6). (4𝑆𝑘𝑢 − 3𝑆𝑠𝑘

2 )
     (10) 
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Figure 2. Normalized probability density functions for normalized asperity heights with different 

skewness and kurtosis values and a zero mean. 

2.5. The Method of Solution 

Recently, an extension of the FBNS solver (EHL-FBNS) considering the elastic defor-

mation of contacting bodies has been reported by Hansen et al. [42]. The EHL-FBNS 

solver, which is based on the Newton–Rapson method, has been proven to be a compara-

tively fast and efficient solver for EHL analysis [9,18,42]. In this work, the EHL-FBNS al-

gorithm is extended according to Ref. [18] by implementing non-Gaussian flow factors in 

the Poiseuille terms and the average film thickness in the Couette term of Equation (1). 

The finite volume method (FVM) was used for discretizing the Poiseuille and Couette 

terms of Equation (1) [42]. The Poiseuille terms were discretized using a second-order 

central interpolation scheme, whereas the Couette term was discretized using a first-order 

upwind interpolation scheme [40]. For the hydrodynamic pressure, the Dirichlet bound-

ary condition (ph = 0) was applied at all faces of the domain [9]. Figure 3 shows a schematic 

diagram of exemplary stencils within the two-dimensional (2D) discretized EHL domain 

of size Lx × Ly = 6ac × 6ac (ac is the contact radius), along the east, the west, the north, and 

the south faces. For cavitation (θ), the Dirichlet boundary condition (θ = 0) was employed 

on the west face, whereas the Neuman boundary condition was applied to the remaining 

faces of the domain [9]. To meet the load balance criterion, the rigid body approach (hd) 

was updated at each iteration using the PID controller method [42] until the load balance 

tolerance (10−6) was encountered. In this work, the solution was expected to finish when 

the overall absolute residual (𝜀𝑡
𝑛) defined by Equation (11) at any iteration number (n) 

becomes less than or equal to the specified tolerance (1 × 10−6). The expressions of the re-

siduals used in this work are given in Appendix A. Detailed information on the discreti-

zation of the Reynolds equation, the calculation of elastic deformation (δ), and load bal-

ance can be found elsewhere [9,42]. 
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Figure 3. Schematic sketch of a 2D FVM-based grid with exemplary stencils within the computa-

tional domain (E, W, N, and S indicate the centroid of the discretized control volume along the east, 

west, north, and south faces, respectively). 

2.6. Numerical Generation of Artificially Rough Surfaces 

It is known that tribological components (i.e., rolling bearings, gears, cams, etc.) are 

finished by conventional machining processes like grinding, lapping, honing, and shot 

peening [43]. These machining processes generate various surface features that can be 

characterized by topography parameters. A brief description of the topography parame-

ters used in Table 1 can be found elsewhere [43]. In this work, a rough surface generation 

method developed by Pérez-Ràfols et al. [36] was employed. This method uses parameters 

defining the Weibull height distribution function and power spectral density (PSD) as in-

puts to generate rough surfaces. Basically, two types of PSD expression (self-affine and 

exponential) were used. A brief description of the Weibull height distribution function 

and PSD is given in Appendix B. Table 1 represents the input parameters used for the 

numerical generation of artificially rough surfaces. The Hurst coefficient (Hf), correlation 

length (1/λ), and wavelength ratio (Δl/Δs) are related to the spectral properties of the rough 

surfaces, whereas the shape parameter (kw) is related to the Weibull height distribution 

function. The Hurst coefficient (Hf) is a parameter that indicates the roughness at the bor-

der of the object [44]. 

It should be noted that the correlation length (1/λ) was defined whenever an expo-

nential PSD was used as input data for rough surface generation. On the other hand, the 

Hurst coefficient (Hf) is defined whenever a self-affine PSD is used as input data for rough 

surface generation. Isometric plots of some of the numerically generated artificial rough 

surfaces are presented in Figure 4a–d. Each simulated artificial surface consists of 1024 × 

1024 data points and a normalized standard deviation, with Sq = 1 [36]. It should be noted 

that each artificially generated rough surface was scaled to σ = 0.09525 μm before using it 

as an input in the presented ML model. The sampling interval of 0.1 μm was chosen in the 

present work to calculate the summit parameters (η and β) by employing the SID (summit 

identification) method. The summit parameters were used to determine the asperity pres-

sure (pa) (see Equation (9)). 
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Table 1. Input parameters used for the generation of rough surfaces. 

Parameter Value 

Hurst coefficient, Hf 0.2, 0.5, and 1.0 

Shortest wavelength, Δs  0.001 

Wavelength ratio, Δl/Δs 100 and 500  

Weibull shape parameter, kw  1.5, 2, and 3.602 

Correlation length, 1/λ  0.1 and 0.0067 

Anisotropy ratio, γ 1 

 

Figure 4. Isomeric plots of simulated artificial rough surfaces. 

3. Results and Discussion 

The mixed lubrication model described above is applied to various artificially gener-

ated rough surfaces. The influence of various surface features on the asperity load ratio 

and film parameters is discussed in detail. Several parameters, as presented in Table 2, are 

multiplied by the corresponding factor to make them dimensionless. From Section 3 and 

onwards, results are presented in a dimensionless form. Table 3 shows the dimensionless 

input parameters used throughout the present study. The grid points (257 × 257) and di-

mensionless domain lengths (−4 to 2 in the X direction and −3 to 3 in the Y direction) are 

adopted from a recently published work [28]. The Hertzian parameters for the point con-

tact configuration are defined in Appendix C. The asperity load ratio calculated from the 

present simulation is compared with published results to verify the accuracy of the devel-

oped mixed lubrication model. 

Table 2. Parameters and their dimensionless form. 

Parameter Factor  Dimensionless Form 

ph 1/pmax Ph 

pa 1/pmax Pa 

FN 1/Eeq.R2 𝑊 

x 1/ac X 
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y 1/ac Y 

h 1/Rx H 

um 𝜇0 𝐸𝑒𝑞.𝑅𝑥⁄  U 

Hd 1/Eeq V 

σ 1/Rx σ* 

Table 3. Parameters used in the mixed lubrication simulation. 

Parameter Value 

Dimensionless load parameter, W 1 × 10−6 [20] 

Dimensionless speed parameter, U 1 × 10−11 [20] 

Dimensionless material parameter, G 4972 [20] 

Dimensionless material hardness, V 0.03 [20] 

Dimensionless roughness, σ* 1 × 10−5 [20] 

Pattern ratio, γ 1 

3.1. The Influence of the Shape Parameter (kw) 

In this section, the effect of the shape parameter (kw) on the asperity load ratio (La) 

and the film parameter (Λ) is discussed. It has been stated in Refs. [36,45] that lower values 

of the shape parameter result in higher negative skewness and kurtosis values. For kw = 

1.5, Ssk and Sku are −1.07 and 4.39, respectively, and for kw = 2.0, Ssk and Sku are −0.63 and 

3.25, respectively [45]. The value of the shape parameter, kw = 3.602, represents the case 

where asperity heights follow the Gaussian distribution (Ssk = 0, Sku = 2.72) [43]. For kw = 

1.5, 2.0, and 3.602, the plot of normalized PDFs is shown in Figure 2 (see Section 2.4.1). 

The PDFs of rough surfaces for different kw are used to calculate the average film gap (hT) 

and asperity contact pressure (pa) using Equations (3) and (9), respectively. Figure 5a rep-

resents the distribution of dimensionless asperity and hydrodynamic pressures along the 

X-axis at Y = 0 for different shape parameters. The symbol (-) in the X-axis and Y-axis of 

Figure 5 indicates that the parameter is presented in dimensionless form. This is also valid 

for all figures presented in the subsequent sections. As shown in Figure 5a, the dimension-

less asperity contact pressure (Pa) increases with an increase in the shape parameter. The 

rough surfaces with negative skewness exhibit less asperity pressure due to a smaller 

number of asperity peaks above the mean plane of the surface. For the Gaussian rough 

surface, high asperity contact pressure is observed due to the significant increase in the 

number of roughness peaks above the mean plane of the surface. In the middle of the 

contact zone, the reduction in hydrodynamic pressure is significant and results in an in-

crease in the asperity contact pressure (Pa) due to an increase in the direct asperity-to-

asperity contacts. This reduction in hydrodynamic action (EHL lift) due to the change in 

skewness (Ssk) may affect the fluid frictional force (or coefficient of friction) as well. It can 

also be observed from Figure 5a that the position of the pressure spike shifts inside the 

contact zone as kw increases from 1.5 to 3.602. Also, there is a slight reduction in the mag-

nitude of the pressure spike with an increase in the shape parameter. The reduction in the 

hydrodynamic pressure near the outlet of the contact zone is balanced by the asperity 

contact pressure, as shown in Figure 5a. 

Another interesting observation that can be seen in Figure 5a is that the effect of neg-

ative skewness values (for kw = 1.5 and 2) on the Ph is almost negligible near the inlet of the 

contact zone. However, a decrease in the Ph is found for kw = 3.602 (Gaussian surface). This 

trend in variation in hydrodynamic pressure near the contact zone inlet should affect the 

film thickness distribution because the central film thickness is generally affected by a 

variation in lubricant and surface properties (in the case of ML) at the inlet of the contact 

zone. Figure 5b shows the distribution of film thickness along the X-axis for different kw. 

It can be clearly seen from Figure 5b that the film thickness at the inlet as well as at the 

central part of the contact zone is almost the same for kw = 1.5 and 2.0, which confirms the 
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negligible effect of negative skewness. However, for Gaussian roughness (kw = 3.602), the 

film thickness increases near the inlet and central part of the contact zone. As illustrated 

in Figure 5b, the minimum film thickness or film parameter (Λ = hmin/σ) is slightly affected 

by non-Gaussian roughness. The minimum film thickness, or Λ, increases with an increase 

in the shape parameter. It can also be observed from Figure 5b that for Gaussian roughness 

(kw = 3.602), the location of the minimum film thickness is slightly shifted inside of the 

contact zone due to a significant drop in the hydrodynamic pressure. Isometric plots of 

dimensionless asperity (Pa) and dimensionless hydrodynamic (Ph) pressure distributions 

for different shape parameters (kw) are presented in Figure 6a–f. It can be clearly seen that 

the asperity load ratio (La) increases with an increase in the shape parameter. 

 

Figure 5. Distribution of (a) dimensionless hydrodynamic and asperity pressure and (b) dimension-

less film thickness along the X-axis and at Y = 0 for different shape parameters (Hf = 0.5, Δl/Δs = 100, 

and γ = 1). 

 

Figure 6. Isometric plot of (a,b) dimensionless asperity and hydrodynamic pressures for shape pa-

rameter (kw) = 1.5; (c,d) dimensionless asperity and hydrodynamic pressures for shape parameter 

(kw) = 2.0; (e,f) dimensionless asperity and hydrodynamic pressures for shape parameter (kw) = 3.602. 
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3.2. The Influence of Correlation Length (1/λ) 

It is known that the correlation length (1/λ) provides the spatial information of rough 

surfaces [36]. Various engineering rough surfaces display the exponential form of the au-

tocorrelation function (𝑅(𝑟) = 𝜎2𝑒𝑥𝑝(−𝜆. |𝑟|)) [36], and it has extensively been used for 

the numerical generation of isotropic rough surfaces [36,45]. The distribution of dimen-

sionless asperity (Pa) and hydrodynamic pressure (Ph) along the X-axis for different corre-

lation lengths is presented in Figure 7a. It can be seen that Ph increases with a decrease in 

the correlation length (1/λ), and Ph increases significantly for a lower correlation length 

due to a reduction in asperity-to-asperity contacts (or asperity pressure). A rough surface 

with a smaller correlation length (1/λ) leads to a smoother surface (flattened roughness 

peaks), which results in fewer asperity contacts and ultimately leads to a significant re-

duction in the load carried by asperities. The reduction in Pa at the lower correlation length 

is shown in Figure 7a. Figure 7b represents the distribution of the dimensionless film 

thickness along the X-axis for different 1/λ. As illustrated in Figure 7b, the central and 

minimum film thickness decrease with a decrease in 1/λ. It should, however, be noticed 

that the location of the occurrence of minimum film thickness slightly increases for lower 

values of 1/λ due to an increase in the hydrodynamic lift. It can also be seen from Figure 

7b that, however, the film parameter (Λ) decreases with a decrease in 1/λ. It can be argued 

that the film parameter or minimum film thickness should increase for a lower 1/λ due to 

an increase in the hydrodynamic lift. This happens due to the off-line (macro–micro ap-

proach) [46] calculation of asperity contact pressure. This is the prominent reason why 

full-scale deterministic ML solutions always provide a more feasible film thickness, or Λ 

[46]. Figure 8a–d represent isometric plots of Pa and Ph for different correlation lengths 

(1/λ). It can be clearly seen that the asperity load ratio (La) decreases with a decrease in the 

correlation length (1/λ). 

 

Figure 7. Distribution of (a) dimensionless hydrodynamic and asperity pressure and (b) dimension-

less film thickness along the X-axis and at Y = 0 for different correlation lengths (Δl/Δs = 100, γ = 1, 

and kw = 3.602). 



Lubricants 2024, 12, 71 13 of 22 
 

 

 

Figure 8. Isometric plots of (a,b) dimensionless asperity and hydrodynamic pressures for correlation 

length (1/λ) = 0.1 μm; (c,d) dimensionless asperity and hydrodynamic pressures for correlation 

length (1/λ) = 0.0067 μm. 

3.3. The Influence of the Wavelength Ratio (Δl/Δs) 

As stated in Refs. [36,45], the wavelength ratio (Δl/Δs) is related to lower and upper 

cut-off frequencies (ql and qs), which have been used to define the width of the power spec-

trum of a rough surface. It has been suggested in Ref. [36] that the wavelength ratio should 

not be less than 100 to generate a Gaussian rough surface with sufficient accuracy in the 

HPD (height probability distribution). In this work, two different values of wavelength 

ratio (Δl/Δs = 100 and 500) are chosen, and its effect on mixed lubrication is investigated. 

Figure 9a represents the variation of dimensionless asperity and hydrodynamic pressure 

along the X-axis for different Δl/Δs. It can be seen that the Ph increases with an increase in 

Δl/Δs. For Δl/Δs = 500, a significant increase in Ph is observed in the middle of the contact 

zone, whereas a small increment in Ph is observed near the inlet and outlet of the contact 

zone. Also, the location of the pressure spike is shifted towards the inside of the contact 

zone for lower Δl/Δs. Higher values of the Δl/Δs ratio eliminate the high frequency compo-

nents, and the simulated rough surface contains mostly high wavelength components, 

which ultimately leads to flattened roughness peaks (see Figure 4b). The flattened rough-

ness peaks at higher Δl/Δs ratios result in fewer asperity-to-asperity contacts, which ulti-

mately diminishes the asperity pressure. As a result, an increase in hydrodynamic lift oc-

curs for high Δl/Δs ratios. The film thickness distribution along the rolling direction for 

different Δl/Δs ratios is presented in Figure 9b. It can be seen that the central and minimum 

film thickness (or film parameter) decrease with an increase in the Δl/Δs ratio. Figure 10a–

d represent the isometric plot of asperity and hydrodynamic pressures for different Δl/Δs 

ratios. It can be clearly seen that the asperity load ratio (La) significantly decreases with an 

increase in the Δl/Δs ratio. 



Lubricants 2024, 12, 71 14 of 22 
 

 

 
Figure 9. Distribution of (a) dimensionless hydrodynamic and asperity pressure and (b) dimension-

less film thickness along the X-axis and at Y = 0 for different wavelength ratios (Hf = 0.5, γ = 1, and 

kw = 3.602). 

 
Figure 10. Isometric plot of (a,b) dimensionless asperity and hydrodynamic pressures for wave-

length ratio (Δl/Δs) = 100; (c,d) dimensionless asperity and hydrodynamic pressures for wavelength 

ratio (Δl/Δs) = 500. 

3.4. The Influence of the Hurst Coefficient (Hf) 

Recently, it has been reported by Prajapati and Tiwari [44] that theoretically, the root-

mean-square (RMS) roughness (σ) and RMS slope (𝜎′) decrease with an increase in Hurst 

coefficient. The theoretical trend between σ and Hf has also been confirmed by performing 

pin-on-disc pure sliding experiments [44]. Figure 11a shows the variation of dimension-

less asperity and hydrodynamic pressures along the X-axis for different Hf. It can be seen 

that Pa decreases with an increase in Hf. As illustrated in Figure 11a, the change in Pa and 

Ph is quite distinct at the midpoint of the contact zone. The reason for a slight decrease in 

Pa at higher Hf is due to the smoothness of the simulated surface, which increases with an 

increase in Hf. A smoothed rough surface consists of blunt roughness peaks, which results 

in fewer asperity contacts and ultimately decreases the asperity pressure. It can also be 

seen from Figure 11a that the change in Pa and Ph with Hf is almost negligible near the inlet 

and outlet of the contact zone, which indicates a small change in minimum film thickness. 

The film thickness plot for different Hf values is shown in Figure 11b. As postulated, Figure 
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11b confirms the small variation of the central and minimum film thickness with Hf. Iso-

metric plots of Pa and Ph for different Hf are presented in Figure 12a–f. It can clearly be 

seen from Figure 12 that the asperity load ratio (La) decreases with an increase in Hf. A 

slight decrease in the film parameter (Λ) at higher Hf is also observed in Figure 12b,d,f. 

 

Figure 11. Distribution of (a) dimensionless hydrodynamic and asperity pressure and (b) dimen-

sionless film thickness along the X-axis and at Y = 0 for different Hurst coefficients (Δl/Δs =100, γ = 1, 

and kw = 3.602). 

 

Figure 12. Isometric plots of (a,b) dimensionless asperity and hydrodynamic pressures for Hurst 

coefficient (Hf) = 0.1; (c,d) dimensionless asperity and hydrodynamic pressures for Hurst coefficient 

(Hf) = 0.5; (e,f) dimensionless asperity and hydrodynamic pressures for Hurst coefficient (Hf) = 1. 
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3.5. Validation of the Model 

To date, an expression for determining asperity load ratio (La) and film thickness 

(central and minimum) for non-Gaussian roughness has not been developed. However, 

Masjedi and Khonsari [20] developed an expression for calculating the asperity load ratio 

for the Gaussian roughness (Ssk = 0 and Sku = 3). Therefore, the asperity load ratio calculated 

by the present method and the Masjedi and Khonsari [20] La expression are compared. For 

model validation only, the following input parameters are used in the ML simulation: W 

= 1 × 10−6, U =1 × 10−11, G = 4972, V = 0.01, ηβσ = 0.05, and β/σ = 100 [20]. As illustrated in 

Figure 13, the overall trend is relatively reliable. It can also be seen from Figure 13 that the 

La obtained by the present method is slightly smaller than the Masjedi and Khonsari [20] 

La expression. This can be attributed to the enormous differences between EHL solvers 

and convergence criteria. Figure 14a–f represent isometric plots of dimensionless asperity 

pressure (using the present method) for different dimensionless roughness (σ*). The film 

parameter (Λ) is also indicated in Figure 14a–f. It can be observed that for very low rough-

ness (𝜎∗ = 1 × 10−9), the asperity pressure is completely zero in the EHL domain. The 

asperity pressure increases inside the contact zone with an increase in dimensionless 

roughness (σ*). As shown in Figure 14, the film parameter (Λ) is very high for the smooth 

surface and decreases with an increase in dimensionless roughness levels (σ*). It can be 

inferred from Figure 14 that the present ML model excellently simulates the mixed lubri-

cation and full film regimes. 

 

Figure 13. Comparison of asperity load ratio (La) obtained by Masjedi and Khonsari [20] La expres-

sion and present method. 
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Figure 14. Isometric plots of dimensionless asperity pressure (present method) for different dimen-

sionless roughness levels (σ* = σ/Rx).  

4. Conclusions 

In this work, the impact of non-Gaussianity on the mixed lubrication parameters 

(film parameter and asperity load ratio) is addressed. Non-Gaussian artificial rough sur-

faces are generated by specifying the Weibull height distribution function and power spec-

tral density (PSD). This allows studying the mixed lubrication in a parametric way while 

ensuring that the studied artificially rough surfaces have practical significance. Using a 

non-Gaussian topography generation algorithm and a mixed lubrication modeling frame-

work, a parametrized study is conducted, considering the shape parameter kw, the corre-

lation length 1/λ, the Hurst coefficient Hf, and the wavelength ratio (Δl/Δs). The main find-

ings from the present work can be summarized as follows: 

• For the specified operating conditions (W = 1 × 10−6, U = 1 × 10−11, G = 4972, V = 0.03, 

and σ* = 1 × 10−5), it is found that the film parameter (Λ) varies between one and three 

for each artificial rough surface, which ensures the manifestation of the mixed lubri-

cation regime. It is also shown that the present ML model excellently simulates the 

mixed and full-film lubrication regimes. 

• It is revealed that the shape parameter (kw) leads to a significant change in the asperity 

height distribution. A change in the asperity height distribution profoundly affects 

the asperity and hydrodynamic pressures. It is found that the asperity load ratio in-

creases from 4% to 38% as the shape parameter increases from 1.5 (non-Gaussian) to 

3.602 (Gaussian). A slight increase in the film parameter is observed as the asperity 

height distribution changes from non-Gaussian to Gaussian. 
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• It is concluded that a higher wavelength ratio increases the hydrodynamic lift signif-

icantly. The asperity load ratio decreases with an increase in wavelength ratio. The 

film parameter slightly decreases at higher wavelength ratios. 

• It is observed that the Hurst coefficient (Hf) slightly improves the hydrodynamic ac-

tion. At the middle of the contact zone, a small increase in the hydrodynamic lift is 

observed for a large value of the Hurst coefficient (Hf > 0.1). A trivial effect of the 

Hurst coefficient is found on the film thickness or film parameter. It is also found that 

the hydrodynamic lift increases with a decrease in the correlation length (1/λ) due to 

a significant drop in the asperity load ratio (La). 

• The present ML model is validated from Ref. [20], and a good match is found by 

comparing the asperity load ratio (La) for different dimensionless surface roughness 

levels (σ*). 

Furthermore, it will be interesting to develop the formulas for determining the film 

thickness (central and minimum) and asperity load ratio by considering the non-Gaussian 

roughness, roughness orientations, and spectral properties of rough surfaces. Also, the 

present analysis can be extended to study the effects of contact angles on the lubrication 

performance of heavily loaded counterformal contacts. 
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Nomenclature 

1/λ Correlation length, m 

Ah EHL domain area, m2 

β Mean summit radius, m 

Δl  Shortest cut-off wavelength 

Δs  Longest cut-off wavelength  

η Summit density, m−2 

G Dimensionless material parameter 

γ Anisotropy factor 

h  Film thickness, m 

Hc  Dimensionless central film thickness 

hd  Rigid body approach, m 

Hf  Hurst coefficient 

hmin  Minimum film thickness, m 

Hmin  Dimensionless minimum film thickness 

hT  Average gap height, m 

La Asperity load ratio, % 

ML Mixed lubrication 

pa  Dimensional hydrodynamic pressure, Pa 

Pa  Dimensionless asperity pressure 

ph  Dimensional hydrodynamic pressure, Pa 

Ph  Dimensionless hydrodynamic pressure 

R(r) Autocorrelation function for isotropic surface  

Rx  Reduced radius of curvature, mm 

σ  Composite root-mean-square (RMS) roughness, m 
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SRR Slide-to-roll ratio, ur/um 

Ssk  Skewness 

Sku  Kurtosis 

ur  Sliding speed, (u2−u1), m/s 

um  Mean rolling speed, (u1 + u2/2), m/s 

U Dimensionless speed parameter 

W Dimensionless load parameter 

x  Dimensional X-axis, m 

X  Dimensionless X-axis 

y  Dimensional Y-axis, m 

Y Dimensionless Y-axis 

Appendix A. Expression of Residuals 

In this work, different residuals are used to check load convergence, asperity pres-

sure convergence, hydrodynamic pressure convergence, and cavitation convergence. The 

expressions for calculating these residuals are given in Equations (A1) to (A4) [9,40]: 

𝜀𝐹𝑁
𝑛 =

𝐹𝑡𝑜𝑡
𝑛 − 𝐹𝑁
𝐹𝑁

 (A1) 

𝜀𝑚𝑎𝑥,∆𝑃𝑎
𝑛 = 𝑚𝑎𝑥 (𝑎𝑏𝑠 (

Δ𝑝𝑎
𝑛

𝑝𝑚𝑎𝑥
)) (A2) 

𝜀𝑚𝑎𝑥,∆𝑃ℎ
𝑛 = 𝑚𝑎𝑥 (𝑎𝑏𝑠 (

Δ𝑝ℎ
𝑛

𝑝𝑚𝑎𝑥
))  (A3) 

𝜀𝑚𝑎𝑥,∆𝜃
𝑛 = 𝑚𝑎𝑥(𝑎𝑏𝑠(Δ𝜃

𝑛))   (A4) 

where n is the iteration number; FN is the total applied normal load; Δ𝑝𝑎
𝑛  is the incremental 

asperity pressure at the nth iteration; Δ𝑝ℎ
𝑛  is the incremental hydrodynamic pressure at 

the nth iteration; Δ𝜃
𝑛  is the incremental cavitation fraction at the nth iteration; 𝐹𝑡𝑜𝑡

𝑛  is the 

total load due to asperity and hydrodynamic pressure at the nth iteration; and Δ𝜃
𝑛  is the 

incremental cavitation fraction at the nth iteration. 

Appendix B. A Brief Description of Weibull Height Distribution and PSD 

Appendix B.1. Probability Density Function for Weibull Distribution of Asperity Heights 

An expression for the dimensionless Weibull distribution is given in Equation (A5) 

[36]. It can be seen that it is a two-parameter distribution function. In Equation (A5), kw is 

called the shape parameter, and α is known as the scale parameter. The scale parameter is 

calculated using Equation (A6) [36]: 

ψ(𝑧∗) =
𝑘𝑤
𝛼
. (
𝑧∗

𝛼
)
𝑘𝑤−1

. 𝑒𝑥𝑝 (−
𝑧∗

𝛼
)
𝑘𝑤

,              𝑧∗ ≥ 0 (A5) 

α = √
1

Γ (1 +
2
𝑘𝑤
) + Γ2 (1 +

1
𝑘𝑤
)
       (A6) 

where Γ is the gamma function, and z* is the asperity height normalized by σ. 

Appendix B.2. Power Spectral Density (PSD) 

In this work, self-affine and exponential forms of power spectral density were used 

for rough surface generation. The expressions for self-affine and exponential PSD are 

given in Equations (A7) and (A8), respectively [36]: 
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𝐶(𝑞𝑥, 𝑞𝑦) = 𝐶0 (
√𝑞𝑥

2 + 𝑞𝑦
2

𝑞𝑙
)

−2(1+𝐻𝑓)

,    𝑞𝑙 ≤ 𝑞 ≤ 𝑞𝑠  (A7) 

𝐶(𝑞𝑥, 𝑞𝑦) =
𝜎2. 𝜆

2𝜋. (𝜆2 + 𝑞𝑥
2 + 𝑞𝑦

2)
1.5           (A8) 

where ql and qs are the lower and upper frequency cut-offs, respectively; qx and qy are the 

wave numbers of the spectral content in the X and Y directions, respectively; 𝐶(𝑞𝑥, 𝑞𝑦) is 

the power spectral density; 1/λ is the correlation length; C0 is the scale constant; and Δl/Δs= 

qs/ql, 𝑞𝑙 = 1 𝜆𝑙⁄ . 

Appendix C. Hertzian Point Contact 

Using the Hertzian point contact theory, analytical expressions for determining the 

contact parameters for point contact configuration are given in Equations (A9) to (A11): 

𝑎𝑐 = (
3. 𝑅𝑥. 𝐹𝑁
4. 𝐸𝑒𝑞

)

0.333

 (A9) 

1

𝐸𝑒𝑞
= (

1 − 𝜈1
2

𝐸1
) + (

1 − 𝜈2
2

𝐸2
)         (A10) 

𝑝𝑚𝑎𝑥 =
3

2
.
𝐹𝑁
𝜋𝑎𝑐

2
    (A11) 

where ac is the contact radius; E1 and E2 are the elastic moduli of body 1 and body 2, respec-

tively; ν1 and ν2 are the Poisson ratios of body 1 and body 2, respectively; Eeq is the equivalent 

elastic modulus; Rx is the reduced radius of curvature; pmax is the maximum Hertzian pres-

sure; and FN is the total applied normal load. 
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