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ABSTRACT

In this paper, we introduce and investigate the generalized Narayana matrix sequence and we deal
with, in detail, three special cases of this sequence which we call them Narayana, Narayana-Lucas
and Narayana-Perrin matrix sequences. We present Binet's formulas, generating functions, and
the summation formulas for these sequences. We present the proofs to indicate how these sum
formulas, in general, were discovered. Of course, all the listed sum formulas may be proved by
induction, but that method of proof gives no clue about their discovery. Moreover, we give some
identities and matrices related with these sequences. Furthermore, we show that there always
exist interrelation between generalized Narayana, Narayana, Narayana-Lucas and Narayana-Perrin
matrix sequences.

Keywords: Narayana numbers; Narayana sequence; Narayana matrix sequence; Narayana-Lucas
matrix sequence.
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1 INTRODUCTION AND

PRELIMINARIES

In this paper we define generalized Narayana
matrix sequence and investigate their properties.
First, we present some information on
generalized Narayana sequence and its special
cases.

The Narayana numbers was introduced by the
Indian mathematician Narayana in the 14th
century, while studying the problem of a herd of
cows and calves, see [1,2] for details. Narayana’s

beginning in its fourth year, each calf produces
one calf at the beginning of each year. How
many calves are there altogether after 20 years?
This problem can be solved in the same way
that Fibonacci solved its problem about rabbits
(see [3]). If n is the year, then the Narayana
problem can be modelled by the recurrence
Nn+3 = Nn+2 + Nn, with n > 0, No = O,Nl =
1,No = 1, see [1]. The first few terms are
0,1,1,1,2,3,4,6,9,13,19,28..., (the sequence
A000930 in [4]). This sequence is called
Narayana sequence. Recently, there has been
considerable interest in the Narayana sequence
and its generalizations (for more details, see

[1,5,6,7,8,9,10,11,12 and the references given
therein]).

cows problem is a problem similar to the
Fibonacci’s rabbit problem which can be given as
follows: A cow produces one calf every year and

A generalized Narayana sequence {Vi}n>o0 = {Va(Vo, Vi, V2)}n>o is defined by the third-order
recurrence relations

Vn - n—1+Vn—3 (11)
with the initial values Vo = ¢o, Vi = c1, Vo = ¢2 not all being zero. The sequence {V,.}.>0 can be
extended to negative subscripts by defining

Ve = =V_(noo) + Vo(noz)
forn = 1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.For more details on generalized
Narayana numbers, see [11]. Binet formula of generalized Narayana numbers can be given as
bra™ b2 5"

(a=B)la=7) B-a)B-7)

b3'y"
(y—a)(y—-8)

Vi = (1.2)

where
by =Vo— (B4+9)Vi+ ByVo, ba =Vao — (a+7)Vi + ayVo, bs = Vo — (a+ B)Vi + afVb.

Here, o, 3 and ~ are the roots of the cubic equation z* — 2> — 1 = 0. Moreover

1/3 1/3
1 (2, [sU)\" (2 [sU
3 54 108 54 108 ’

(1.3)

(% =
1/3 1/3
/3 — l +w % + 2 + w2 @ _ i
T3 54 108 54 108 ’
1/3 1/3
_o Lo, [T (20 31
7T 3 54 108 54 108 )
where
w= _1%“/3 = exp(27i/3).
Note that
atf+y = 1,
aft+ay+py = 0,
afy =
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The first few generalized Narayana numbers with positive subscript and negative subscript are given
in the following Table 1.

Table 1. A few generalized Narayana numbers

n |7 V_,

0 Vo

1 Vi Ve o Vi

2 Va Vi—W

3 Vo+ Vo —Vo+Vi+ VW
4 Vo4+Vi+W Vo =2Vi4+ W
5 2V + V1 4+ W Vo —2Vy

6 3Va + V1 4+ 2V —2Vo +3V1

7 4Vo + 2V + 3V, -2V + 3V,

8 6Va + 3V + 4V, 3V —3V; — 2V,
9 9V +4V1 + 6V) —2Vo 4+ 5V; — 3V
10 13Vo +6V1 + 9V, —3Va+ Vi + 5V

11 19V5 +9V; + 13V, 5V —8Vi + Vo
12 28V5 + 13V + 19V, Vo + 4V — 8V)
13 41Vo +19V; + 28V, —8Va +9Vh + 4V,

Now we define three special case of the sequence {V,,}. Narayana sequence {N,}.>0, Narayana-
Lucas sequence {U,}.>0 and Narayana-Perrin sequence {H, }.>o are defined, respectively, by the
third-order recurrence relations

Npy3s = Npyo+Np, No=0,Ny=1,N=1,
Unys = Ung2+Un, Up=3U1=1U=1,
Hni3 = Hpio+H, Ho=3H =0 Hy=2,
The sequences { N, }»>0, {Un }n>0 and { H, } >0 can be extended to negative subscripts by defining
Non = —N_(m-2+N-(n-3)
U-n = —Um-2) +U-n-3)
H_, = —-H_(no+H_(n_3)

forn = 1,2, 3, ... respectively.

Note that N, is the sequence A000930 in [4] associated with the Narayana’s cows sequence and
the sequence A078012 in [4] associated with the expansion of (1 — z)/(1 — 2 — =) and U, is the
sequence A001609 in [4].

Next, we present the first few values of the Narayana, Narayana-Lucas and Narayana-Perrin numbers
with positive and negative subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative

subscripts

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
Np, 0 1 1 1 2 3 4 6 9 13 19 28 41 60
N_, 0 1 0 -1 1 1 -2 0 3 -2 =3 5 1
U, 3 1 1 4 5 6 10 15 21 31 46 67 98 144
U_, 0o -2 3 2 -5 1 7 -6 -6 13 0 -19 13
H, 3 0 2 5 5 7 12 17 24 36 53 77 113 166
H_, 2 =3 1 5 -4 -4 9 0 —13 9 13 -22 -4
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For all integers n, Narayana, Narayana-Lucas and Narayana-Perrin numbers (using initial conditions
in (1.3)) can be expressed using Binet’s formulas as

B Oln-&-l 6n+1 ’Yn+1
N = ey TG T e )
U, = o™ + Bn + ’Yn,
. (B+2w)a"! | (3+28)8"" | B+2y"!

+ )
(a=P)la=7) B-a)B-7) OG-a)y-5)
respectively.
Next, we give the ordinary generating function > V,z" of the sequence V,,.

n=0
Lemma 1.1. Suppose that fv, (z) = fj Vax" is the ordinary generating function of the generalized

n=0

Narayana sequence {Vy }n>0. Then, > V,a" is given by
n=0

i V" = Vo+ (Vi —Vo)z + (Va — V1)$2.

14
11—z —2a3 (1.4)

n=0

The previous lemma gives the following results as particular examples.
Corollary 1.2. Generated functions of Narayana, Narayana-Lucas and Narayana-Perrin numbers are

> xT

> Na" =

n=0

- 3—2z
Upz" = ——

Z ¢ 1—az—a23’

n=0

o] 2

n 3— 3z +2x

Hpa" = =S—°22720

HZO v 1—x—23

respectively.

2 THE MATRIX SEQUENCES third-order Pell, third-order Pell-Lucas, Padovan,
OF NARAYANA AND Perrin, Padovan-Perrin, Narayana, third order

Jacobsthal and third order Jacobsthal-Lucas
NARAYANA-LUCAS NUMB- numbers. The sequences of numbers were
widely used in many research areas, such as
ERS physics, engineering, architecture, nature and
art. On the other hand, the matrix sequences
Recently, there have been so many studies have taken so much interest for different type
of the sequences of numbers in the literature of numbers. We present some works on matrix
that concern about subsequences of the sequences of the numbers in the following
Horadam (generalized Fibonacci) numbers Table 3.
and generalized Tribonacci numbers such as
Fibonacci, Lucas, Pell and Jacobsthal numbers;

Table 3. A few special study on the matrix sequences of the numbers

Name of sequence work on the matrix sequences of the numbers

Generalized Fibonacci [13,14,15,16,17,18,19,20,21]
Generalized Tribonacci [22,23,24,25,26,27,28]
Generalized Tetranacci [29]
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In this section we define generalized Narayana matrix sequence and investigate its properties.

Definition 2.1. For any integer n > 0, the generalized Narayana matrix (V,) is defined by

V’n =Vn-1+ an?: (21)
with initial conditions
\% Vo—11 Vo
Vo = Vo i—W Vo=V |,
Vor Vi Vo+VI=Vo V1 —-W
Va Vo %

Vi i va—-0 Vo ;

Vo i—WVo Va—-Wi
Vo + V2 % Va
Vo = Va Vo i l.
% Vo—V1i W
The sequence {V» }»>0 can be extended to negative subscripts by defining
Von=-V_(n_2) + V_(n-3)
forn =1, 2,3, ... respectively. Therefore, recurrence (2.1) holds for all integers n.

Three special cases of generalized Narayana matrix sequence (take V,, = N,,V,, = Un, Vi, = Ha,
respectively) can be defined as follows.

Definition 2.2. For any integer n > 0, the Narayana matrix (A,,) and Narayana-Lucas matrix (i)
and Narayana-Perrin matrix (#,) are defined by

Nn = Nn—l +Nn—37

un = un—l + un—37
Hn = H'nfl + Hn737
respectively, with initial conditions
1 0 O 1 0 1 1 1 1
No = o1 0| ,M=[100]|,N=|1201],
0 0 1 0 1 0 1 0 0
1 0 3 1 3 1 4 1 1
U = 3 -2 0 M= 1 0 3 |, =1 3 1 |,
0o 3 =2 3 -2 0 1 0 3
0 2 3 2 3 0 5 0 2
Ho = 3 =3 2 |, Hi=]0 2 3 | ,Hoa=|2 3 0
2 1 =3 3 -3 2 0 2 3

The sequences {N; } >0, {Un}n>0 and {H, }»>0 can be extended to negative subscripts by defining

Now = =N_m2) +N_(n3),
U, = _Z/[—(n—2) +u—(n—3)7
Hon = _H—(n—Q) + H—(n—3)7

forn = 1,2, 3, ... respectively.
The Narayana matrix (V.. ) and Narayana-Lucas matrix (¢/,,) were defined and studied in [25].

The following theorem gives the nth general terms of the generalized Narayana matrix sequence.
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Theorem 2.1. For any integer n, we have the following formulas of the generalized Narayana matrix
sequence:
Vn+ 1 Vn —1 Vn
Vi = Vo o Vaea Vpoa (2.2)
Vn -1 Vn -3 ‘/n -2

Proof. Suppose that n > 0. We prove (2.2) by strong mathematical induction on n. If n = 0 then,
since Vi =Vo — V1, Vo =V; — Vp, Voz = Vo + Vi — Vo, we have

i Va W % Vo—V1 Vo
Vo = Vo Voo Vo4 = Vo i—W Vo—11
Vo, Vg Voo Vo1 Vo+V1i=Vo VI—-VW

which is true. Assume that the equality holds for n < k. For n = k + 1, we have

Viri = Ve + Vo
Vier Viecr Wi Vict Vs Vieo
= Vi Ve Vier |+ Voo Viea Vies
Veer Vs Viea Vs Vies Viea

Vicir +Vierr Vi + Vs Ve +Viea
= Vi+Vice Vie—o+ Vs Vi1 4+ Vs
Vicir + Vs Vs + Vs Vo + Vi

Vire Vi Vi
= Vier Vecr Vi
Ve Vie2a Vi
Virivr Vegpior Ve
= Virr Viri—2 Vitia
Vit1-1 Vir1—3  Vigi—2

Thus, by strong induction on k + 1, this proves (2.2).
For the case n < 0, similarly,(2.2) can be proved by strong mathematical induction on n. O

The following theorem gives the nth general terms of the Narayana, Narayana-Lucas and Narayana-
Perrin matrix sequences.

Corollary 2.2. For any integer n, we have the following formulas of the matrix sequences:

Nn+1 Nn—l Nn
Nn Nn72 anl 3
anl Nn73 Nn72

Untr Un_1 U,
Mn - Un Un—2 Un—l 3
Upn-1 Up—sz Un—2
Hn+1 Hn—l Hn

H, H,-» Hp,
H, 1 Hp,-3 Hp_o

Nn

Hn

We now give the Binet’s formula for the generalized Narayana matrix sequence.

Theorem 2.3. For every integer n, the Binet’s formula of the generalized Narayana matrix sequence
are given by
V., = Aa"™ + BB" + Cy"
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where

aVs + ala—1D)V1 + Vo
a(a—7)(a—pB)

BV + BB -1V + W C— V2 +y(y — D)V1 + Vo

A= ,B= BB-7(B-a) 4 -B(y—a)

Proof. We need to prove the theorem only for n > 0. By the assumption, the characteristic equation
of (2.1) is 3 — 2> — z — 1 = 0 and the roots of it are «, 8 and v. So it's general solution is given by
V, = Aa" + BB" + Cy".

Using initial condition which is given in Definition 2.1, and also applying lineer algebra operations, we
obtain the matrices A, B, C as desired. This gives the formula for V,,. O

The following theorem gives the Binet’s formulas of the Narayana, Narayana-Lucas and Narayana-
Perrin matrix sequences.

Corollary 2.4. For every integer n, the Binet formulas of the Narayana and Narayana-Lucas matrix
sequences are given by

No = A"+ Big" + Ciy",
Uy = A" + Bf™ + Cay",
Hn = Aza”™+ B3f" + Csy",
where
A = aN2 + ala— 1)N1 + Ny B, — BNz + B(B — 1)N1 + N Cy — N2 +v(y — N1 + N
ala=7y)(a=p) BB-7B-a) Y-8 (y—a)
Ay = aU2—|—a(Oz—1)U1 + Up By = BUQ-F,B(B—l)Ul + Up Cy = ’YZ/[2+’Y(’Y—1)Z/{1 + Uo
ala=y)(a=p) ' BB=7)(B—a) Ty =B (v—a)
A5 = aHa + ala — 1)H1 + Ho Bs — BHz + B(B — 1)H1 + Ho Oy = YHo +v(y — 1)H1 + 7'[0.
al@=v)(a=p) BB-MB-a) 7 YOy =B)(v—a)

The well known Binet formulas for generalized Narayana numbers is given in (1.2). But, we will obtain
these functions in terms of generalized Narayana matrix sequence as a consequence of Theorems
2.1 and 2.3. To do this, we will give the formulas for these numbers by means of the related matrix
sequences. In fact, in the proof of next corollary, we will just compare the linear combination of the
2nd row and 1st column entries of the matrices.

Corollary 2.5. For every integers n, the Binet's formulas for the generalized Narayana numbers is
given as
b1 Otn bz ﬂn bg'y"

P P S (N B Sl v vy

where

by =Vo— (B+Vi+ 87V, ba =Va— (a+7)Vi+ayVo, bs = Vo — (a+ B)Vi + aBVo.
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Proof. From Theorem 2.3, we have

V. = Aad"+ BB" +CHy"
aVo+ala—1)Vi+Vo
= o +
a(a—7)(a—p)
YWa+y(y—1DVi+ Vo »

Yy(y=8)(y—a)

BV2 + B(B - 1)V1 + Voﬁn
B(B—7)(B—a)

+

an—l

— (a’y)(aﬂ)<a%+a(a.—1)v1+‘/o )

n—1

~

,anl . . .
+W6H7a)(

Waty(y-DVi+Wo . . )

(we only write the 2nd row and 1st column entries of the matrices). By Theorem 2.1, we know that
Vi1 Vo + Vi Va
vn = Vn Vn—l + Vn—2 ‘/n—l .
Vn—l Vn—2 + Vn—3 Vn—Q

Now, if we compare the 2nd row and 1st column entries with the matrices in the above two equations,
then we obtain

/Bn—l
+m(5v2 +B8(B-1)Vi+W)
,_ynfl B
+W(’YV2 +y(y-1)Vi+ W)

bia™ n bo " n bsy"
(a=B)a—y) B-a)B-7) GHG-—a)v—5)

where
by =Va— (B+v)Vi+ BV, ba = Vo — (a+7)Vi + ayVo, bs = Va — (a+ B)Vi + a8Vh.
Note that

aVa+ta(fa—1)Vi+Vo = a(vz+(a—1)vl+$vo)

= a(Va—(B+7)V1+ByVo) = abi,
Ba+BE-DVi+1h = BVa+(B=DVi+ V)

= B(Va—(a+7)Vi+ayVo) = Bbe,
Waty(y-DVi+Vo = 7(V2+(’Y*1)V1+%V0)

= (V2= (a+B)Vi + apVo) = vbs.

O
Now, we present summation formulas for the generalized Narayana matrix sequence.
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Theorem 2.6. For all integers m, j we have

— (2.3)

nilv _ Vingmts + Vmn-mtj + (1 = Un)Vmntj = Vimtj = Viem + (Un = DV
L it Un +(1=Uom) = 1

Proof. Note that
n—1 n—1

Z Vmi+j Z(Aami+j + BﬂmH_j + C,_ymi+j)
=0

i=0
. mn _ q ) an_l . "}/m"—l
— A (2 By (P —* iy -1
(=)o (5et) + o (5=1)

Simplifying and rearranging the last equalities in the last two expression imply (2.3) as required. [

As in Corollary 2.5, in the proof of next Corollary, we just compare the linear combination of the 2nd
row and 1st column entries of the relevant matrices to obtain summation formula for the generalized
Narayana sequence..

Corollary 2.7. For all integers m, j we have

nilv _ Vongmag 4 Vom0 = Un)Viungj = Vg = Viem + (Um = DV
e U+ (1= Uop) — 1 '

We now give generating functions of V,, .

Theorem 2.8. The generating function for the generalized Narayana matrix sequences is given as

., n Vo + (V1 = Vo)z + (V2 — V1)a
Z Vo™ = 3
l—z—=x
n=0
1 ailr a2 ais
= p—— a21 Q22 G23

asi az2 ass

where

an = Vo' +(-Vi+Va)z+ Wi

as1 = (-Vi4+Wa)2®+ (-Vo+Vi)z+ Vo

aznn = (Vo+WV)a®+(Vo+Vi—WVa)z—Vi+Va
a2 = (—V0+‘/1)332+(‘/0+‘/1_V2)I_‘/1+‘/2
ass = (Vo4+Vi—-WVa)a+ (Vo —2Vi+WVa)z—Vo+ Wi
azs = Vo+WVi—Vat+a® (Vo—2Wi+Va) +a(Va—2Vp)
az = (Vi+W+(-Vo+V)z+ Vo

azzs = (—Vo+WV)a®+(Vo+Vi—W)z—-Vi+ Vs
azs = (Vo4+Vi—-Va)z+ (Vo —2Vi+ W)z —Vo+ Wi
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Proof. Suppose that g(z) = > o7, Va2" is the generating function for the sequence {V,.}n>o0.
Using the definition of the matrix sequence of generalized Narayana numbers (2.1), and substracting
3% Vaz™ and 2 3500 Vaz™ from 3000 Viz™ we obtain

oo oo

(l—m—mS)Zan" = ivnx" —xivnx" —xSZVn:c"
n=0 n=0 n=0 n=0
= i Vouz" — i Vaz" - i Vpz" T3
n=0 n=0 n=0
= i ann — i anlxn — i angl‘n

n=0 n=1 n=3

= (Vo+Viz+Vea’) — Voz + Viz®) + D> (Va = Va1 — Vag)a"

n=3
= Vo +Viz +Vez® — Vozr — Via®
= Vo+(WVi—Vo)z+ (Va2 7V1)$2.

Rearranging above equation, we obtain

iv n7V0+(V1—V0)ZE+(V2—V1)CE2
nl = 3
— l—x—2x

which equals the >~°7  V,z" in the Theorem. This completes the proof. [

The following corollary gives the generating functions of the Narayana, Narayana-Lucas and Narayana-
Perrin matrix sequences.

Corollary 2.9. The generating functions for the Narayana, Narayana-Lucas and Narayana-Perrin
matrix sequences are given as

1 z? x

> 1

P el G S A

n=0 x Tr—x 1—=x

. i 32 +1 3x — 222 3— 2z
DUna" = | 3-2 3’422 3o-2' |,
n=0 T 3¢ — 222 222 —5z+3 322 +22—2

oo L 322 + 2z 322 4+z+2 222—3z+3
D Hna" = | 20" -30+3 o’4+5u-3 327 fa+2
n=0 —r-z 322 +zx+2 5Hax’—dr+1 22+ 52 —3

The well known generating function for generalized Narayana numbers is as in (1.4). However, we
will obtain these functions in terms of generalized Narayana matrix sequences as a consequence of
Theorem 2.8. To do this, we will again compare the the 2nd row and 1st column entries with the
matrices in Theorem 2.8. Thus we have the following corollary.

Corollary 2.10. The generating function for the generalized Narayana sequence {V.,.} is given as

ivnxn _ Vot (Vi = Vo)z+ (Vo = Va)a?

1—2—a3
n=0
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Using Theorem 2.1 and Corollary 2.2, we see that

Vo Vi—W Vo—11
Vo1 = Vo—-Vi Vo+V1i—-W i—W )
i—-W W-=-2Vi+Vo Vo+V1—-VW
Vo —W1 Vo+ V1=V i—W
Vo = Vi—-W Vo-2Vi+Ve Vo4+Vi—-V; ,
Vo+Vi—Va Vo =2V, Vo —2Vi + Vs
and
0 1 0 0 0 1
N1 = 0 0 1 | ,Nao= 1 -1 0 ,
1 -1 0 0 1 -1
3 -2 0 0 3 =2
U1 = 0 3 =2 |, U= -2 2 3 ,
—2 2 3 3 -5 2

H_1

Il

/-~
|
w[\:)w
|

Cﬂ}iw

|
)—‘wl\ﬁ
~

|

[ V)

Il
VY
|
)—‘ww
| —_

=~
|
Cﬂ}iw
v

We now give generating functions of the generalized Narayana matrix sequence V,, for negative
indices.

Theorem 2.11. For negative indices, the generating function for the generalized Narayana matrix
sequence is given as

iv R Vo+ (Vo +V-_1)x + (V-1 + V_2)2?
" 1+2—23
n=0
1 bll b12 b13
= ————— | b2 ba2 bo3
_ 3
ltz—z bs1 b3z b33
where
bi = Vo-Vi+We)a®+(Vo+Wi)z+ W
b1 = (*VoJrVQ)wQJr(VO*VlJrVQ)UEJrVO
by = Va—Vi—a(Vo—Va)—2a®(Va—2W1)
and
b = Va—Vi—a(Vo—Va)—2® (Vo —2W4)
beo = Vi—Vo—a(Va—2V1)—a> (Vi —2Vp)
bz = Vo+Vi—Vo—z(Vi—2V) -2 (Vo+2Vi—2V3)
and
bis = (Vo+W)a*+Vo-Vi+W)a+ Vo
bs = Va—Vi—az(Vo—Va)—2°(Va—2W1)
bss = Vi—Vo—a(Va—2W)—2*(Vi—2W)
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Proof. Then, using Definition 2.1, and adding xg(z) to g(x) and also substracting z>g(x) we obtain
(note the shift in the index n in the third line)

A+z—a*g(z) = i V_onz" +x i V_ " —z® i V_pz"
n=0 n=0 n=0
= i V_pz" + i V_pz" T — i YV ™t
n=0 n=0 n=0

= Z v*'nmn + Z v*'n+1xn - Z V7n+3$n
n=0 n=1 n=3
= (Vo+Voiz+V_21®) + Vor + V-_12%)

+ Z(V—n + v—n+1 - V—n+3)xn

n=3
= (Vo+Voiz+V_21®) + Vor + V-_12?)
= VO + (VO + V—l)fl? + (V_l + V_2)$2

Rearranging above equation, we get

Vot Vo+V_1)z+ (V-1 4+ V_2)2”
B 14z — 23

g(x)

which equals the >~ | V_,z™ in the Theorem. O

The following corollary gives the generating functions of the Narayana, Narayana-Lucas and Narayana-
Perrin matrix sequences with negative indices .

Corollary 2.12. The generating functions for the Narayana, Narayana-Lucas and Narayana-Perrin
matrix sequences with negative indices are given as

o 1 r+1 22+ x>

ZN_,LJ:” = i ——— 22 — 2+ x+1 2+ ,

n=0 rT—z 2+ —z —2t4x+1

0 1 322+ 4z +1 x? — 2z —222 4+ 3z +3
ZLLR:E” = [—— 222 +3x+3 522 +x — 2 2 — 2z ,
n=0 2 — 2z —32% +5x+3 522+ —2

oo 1 522 + 3z 22—z +2 —22+5x+3

> Hopa" = g —2> 45243 622—22-3 -222—-z+4+2 |,
n=0 22—z +2 2246zx+1 622—22-3

respectively.

Now, we will obtain generating functions for generalized Narayana numbers in terms of generalized
Narayana matrix sequences with negative indices as a consequence of Theorem 2.11. To do this, we
will again compare the the 2nd row and 1st column entries with the matrices in Theorem 2.11. Thus
we have the following corollary.

Corollary 2.13. The generating functions for the generalized Narayana sequence {V_,},>o is given
as

iV o Vot (Vo= Vit o)z + (=Vo + Vo)a
— o 14+ 2 — a3 '
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The previous corollary gives the following results as particular examples.

Corollary 2.14. Generated functions of Narayana, Narayana-Lucas and Narayana-Perrin numbers
with negative indices are

SN = T
s - 14z —23’
iU o = 3+ 3z — 222
s - a 14z—23"
iH R 3+ 5z — a2
n=0 - - 1+l’7$37

respectively.

3 SOME IDENTITIES

In this section, we assume that m and n are arbitrary integers, unless otherwise mentioned. In
this section, we obtain some identities of generalized Narayana and Narayana, Narayana-Lucas and
Narayana-Perrin numbers. We need these identities in the next section. First, we can give a few basic
relations between {V,,} and {N,}.

Lemma 3.1. The following equalities are true:

(@ Vo=Wo+ Vi —Va)Npya+ (Vo = 2Vo)Npyz + (Vo — 2Vi + V2) N o,
(b) Vi, = (Vi — Vo)Npt3 + (Vo — 2Vi + Vo) Npq2 + (Vo + Vi — Va) Nyt

(C) Vn = (‘/2 - ‘/I)Nn+2 + (% + Vl - ‘/2)N7L+1 + (‘/1 - VO)Nn

(d) ‘/n = V0N7L+1 + (Vl - ‘/O)N’IL + (V2 - ‘/:l)N’IL71~

(e) Vn = ‘/1Nn + (‘/2 - ‘/1)an1 + ‘/()Nn72~

Proof. Note that all the identities hold for all integers n. We prove (a). Writing

Vi =aX Npya +bXxX Npt3+c X Npto

and solving the system of equations

Vo = a><N4+b><N3+c><N2
Vi = axXNs+bxNg+cx N3
Vo = axXxNg+bxNs+cx Ny

we find that a = Vo + Vi — Vo, b = Vo — 2V, ¢ = Vy — 2V;1 + Va. The other equalities can be proved
similarly. O

Note that all the identities in the above lemma can be proved by induction as well.

Next, we present a few basic relations between {N,} and {V,}.

Lemma 3.2. The following equalities are true:

(@) (V5 +ViVa + VoV — 3VoViVo + Vi + VE2Va — 2ViVE + V)N, = (VE — ViV — VoVi)Viga +
(V2 + ViVa + VoVi = V3 = VoVo)Vauys + (V' + VaVo — ViVa) Vs,
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(0) (V&' + VE'Ve + VoV — 8VoViVe + Vi + ViV — 2VAVE + V)N, = (Vi — VoVe)Vas + (VG +
VaVo — ViVa) Vo + (V22 —ViVa — VoVi)Viayr.

(©) (V& +ViVa+ WV —3VoViVa+ VP2 +Vi2Va = 2ViV5 + V)N, = (Vi + V2 = VaVi) Voo + (V5 —
ViVa = VoVi) Vg1 + (V12 — VoVa)Vi,.

(d) (VG +ViVa+ VoV —3VoViVe + Vi + V2Vh — 2 VE + V&N, = (V& — VoVi + Vi — 2V Ve +
VA Vair + (V2 = VoVa) Vi + (VE + V2 = VaVi) Vi,

(€ (Vo' + Vo Va+ VoV —3VoVaVa + VPP + ViV — 2ViVE + V3 )N, = (Vg — VoVi — VoVa + 2V7 —
ViVa + VEWn 4+ (VE+ VE = VaVi)Vior 4+ (V& — VoV + V2 — 2ViVa + V) Voo,
Now, we give a few basic relations between {V,,} and {U,}.

Lemma 3.3. The following equalities are true:

(@) 31V, = (Vo — 14Vi + 11Va)Upnra + (10Vo + 15Vi — 14Va)Up s + (10V4 — 14Vp + Va)Up 2.
(b) 31V, = (11Vo + Vi — 3Va)Un s + (10Vi — 14Vp + Va)Unya + (Vo — 14V4 + 11V2)Up 4 1.
(€) 31V, = (11Vi — 3Vp — 2Va)Un 2 + (Vo — 14Vi + 11Va)Up i1 + (11Vo + Vi — 3V2)Un.

(d) 31V, = (9Va — 3Vi — 2Vo)Uns1 + (110 + Vi — 3Va)Uy + (11V5 — 3V — 2Va)Up 1.

(€) 31V, = (9Vy — 2Vi + 6Va)U,, + (11V4 — 3Vi — 2Va)Up_1 + (9Va — 3V — 2V0)Up o

Next, we present a few basic relations between {U, } and {V,.}.

Lemma 3.4. The following equalities are true:

(@) (V@& +ViVa+WVoVE =3VoViVa+ V2 + Vi2Ve — 2ViVE + V2)U, = (3VE2 +2ViVa + 2V Vi — 2V —
3VoVa)Vara+ (3V5 —2VoVi +5VoVa — 2V — 5V Va + 2V3 ) Vogs + (—2V5 — 2VoVa —3ViVo +
3V — ViVe)Voga.

(b) (V& +ViVa+ VoV =3VoViVa+ VP + ViV —2Vi Ve + VU = (VG + Vi +2Vo Vo —3ViVa) Vi s+
(_2V02 —2WVo = 3ViVh + 3‘/22 — Vl‘/Q)Vn-‘-Q + (3V12 — 2‘/22 +2VoVh — 3V Vs + 2V1%)Vn+1.

(€) (V&' +ViVa+VoVi® = 3VoViVe + Vi* + ViVa — 2Vi VS + V39U = (Vi = 3VoVi + Vi* — 4Vi Ve +
3‘/22)‘/”4.2 —+ (3‘/12 + 21 Vo + 2V Vp — 2V22 — 3%V2)Vn+1 + (3V02 + 2V Vo + ‘/12 — 3V2V1)Vn

d) (V& +VEVe +VoVE2 = 3VoWiVe + V2 4+ V32V — 2 VE + VU, = (Vi — VoVi — 3VoVa 4 4V —
2ViVa + Vi) Vg1 + (3VE +2VaVo + V2 = 3VaVi) Vi + (Vi — 3VoVi + V2 — 4ViVa + 3V3 ) V1.

(@) (V@E+VEVa+VoVZ=3VoViVa+VE+VEVa—2ViVE 4+ VR U, = (4VE—VoVi—VoVa+5V2 —5ViVa+
V)WV + (Ve = 3VoVi + V2 —4ViVa+3VE) Vo1 + (Vi = VoVi = 3Vo Vo +4VE —2Vi Vo + V3 ) Vi,

Now, we give a few basic relations between {V,,} and {H..}.

Lemma 3.5. The following equalities are true:

(@) 53V = (15V2 — 11Vi — 10Vo) Hnpa + (25Vo + Vi — 11Va) Hnss + (25V1 — 11V — 10V2) Hypa.
(b) 53V, = (15Vi — 10V4 + 4Va)Hy 45 + (25Vi — 11V — 10Va)Hyp o + (15Va — 11V4 — 10V) Hn 4 1.
(€) 53V, = (4Vo + 15Vh — 6Va) Hyp o + (15Va — 11V5 — 10V0) Hy 1 + (15V0 — 10V4 + 4Va) H,,.

(d) 53V, = (4Vi — 6Vo + 9Va)Hns1 + (15Ve — 10V4 + 4V2)H, + (4Vo + 15V4 — 6V2)H, 1.

(€) 53Vi, = (9Vi — 6Vi + 13Va)H,, + (4Vp + 15Vi — 6Va)H, 1 + (4Vi — 6Vp + 9Va) H, o

Next, we present a few basic relations between {H,,} and {V,,}.

Lemma 3.6. The following equalities are true:
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@) (V&' +VeVa+ VoV —=3VoViVa + VP2 + VE2Ve — 2Vi V2 + V) Hy, = (2VE + 3Vo Vi — VoVa + 3V +
ViVa =3V ) Vpsa+ (VE =5VoVi +4Vo Vo —3VE2 —6ViVa +5VE ) Vi s + (—=3VE = Vo Vi — 5V Vo +
2VE 4+ 2ViVa + V) Viyo.

(b) (V& +VeVa+ VoV —3VoVaVa + Vi + Vi2Va —2Vi Ve + V3 Hy, = (Vg +3VoVa — 2Vi Vo + 2V5 —
5ViVa)Vags + (*3‘/02 — VoVi — 5VoVa + 2V + 211 Ve + V22)Vn+2 + (2V02 +3VoV1 — VoVa +
3VE + VaVe — 3V ) Vorpa.

(©) (VE+VEVa+ V2 —=3VoiVa + V2 + V2Ve —2iVE + V) H,, = (2VZ —3ViVa — 3V V4 + 3V —
2VoVa) Vg + (2VE + 3VoVi — VoVa + 3VE2 + ViVa — 3VE) Vngr + (3VE + 3V Ve — 2ViV, +
2VE — 5ViVa)Vi..

(d) (V03+V02V2+V0V12—3V0V1V2+V13+V12V2—2V1V22+V23)Hn = (2V02—3V2V0+5V12—2V2V1)Vn+1+
3V + 3VoVa — 2ViVo + 2V — 5VAVR) Vi + (2V2 — 3VAVa — 3VoVa + 3V — 2V Va) Va1,

€ (VE+ViVa+WVZ —=3VoiVa + V2 + ViV —2iVE + V2 H,, = (5VF§ —2Vo Vi + 5VE —TViVa +
2V Vi + (2VE — 3ViVa — 3Vo Vi + 3V5 — 2VoVa) Vo1 + (2VE — 3VaVo + 5V — 2Va Vi) Voo,

4 RELATION BETWEEN GENERALIZED NARAYANA MATRIX
SEQUENCES AND IT’S SPECIAL CASES

In this section, we assume that m and n are arbitrary integers, unless otherwise mentioned.

The following theorem shows that there always exist interrelation between generalized Narayana and
Narayana matrix sequences.

Theorem 4.1. For the matrix sequences {V,,} and {N,.}, we have the following identities.

(@) Vo= Vo+Vi—Vo)Nugs + (Vo — 2Vo)Nugs + (Vo — 2V1 + Vo) N,
(b) Vi = (Vi = Vo)Npts + (Vo — 2Vi + Vo) Ny + (Vo + Vi — Vo) Nopa.
©) Vi =Vo—=Vi)Nps2 + Vo + Vi — Va)Npg1 + (Vi — Vo) N,

(d) Vi = VoNug1 + (Vi — Vo)Nu + (Va — Vi) N1

() Vi =ViN, + (Vo — V1)Np—1 + VoN,—a.

() (V& +V@Va + VoV = 3VoViVh + V2 + VP2Vh — 2ViVE + VAN, = (Vi — ViV — VoVi)Viga +
(V2 +ViVa + VoVi = V2 — VoVa) Vs + (V@ 4+ VaVo — ViVa)Vaya.

@ (V&' + V5Ve + VoV = 3VoViVe + Vi° + ViVe — 2ViV5 + VBN, = (Vi — VoVa)Vass + (V5 +
VaVo — ViVa)Vnyo + (V22 —ViVe — VoVi) V1.

(h) (V& +VEVa+ VoV —=3VoViVa+ VP2 + V2V —2Vi Ve + VRN, = (Vi + V2 = VaVi)Vgo + (Vs —
ViVa = VoVi)Vni1 + (V2 = VoVa) V.

(i) (V@ 4+ VEVe+ VoV —3VoViVe + V2 + VEVE — 2ViVE + VBN, = (VE — VoVi + V2 — 2V Ve +
VWit + (V2 = VoVo)Vy + (VE 4+ V2 = VaVi) V1.

() (V& + VeV + VoV = 3VoViVe + VP + ViPVa — 2VA VS + V2N, = (Vg — VoV — VoV +2V7 —
2ViVa + VE)n + (V& +VE = VaVi)Vuo1 + (V@ = VoVi + V2 = 2ViVa + V&) Voo,

Proof. From Lemmas 3.1 and 3.2, (a)-(j) follow. O

The following theorem shows that there always exist interrelation between generalized Narayana and
Narayana-Lucas matrix sequences.

Theorem 4.2. For the matrix sequences {V, } and {U,}, we have the following identities.
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(@) 31V, = (Vo — 14Vi + 11Va)Up4a + (10Vo + 15Vi — 14Va)Un s + (10V3 — 14Vp + Va)lUn o
(b) 31V, = (11Vo + Vi — 3Va)lUpts + (10Vi — 14Vo + Va)lhnso + (Vo — 14Vi + 11Va)Un 1.
(€) 31V, = (11Vi — 3Vi — 2Va)Unsa + (Vo — 14V4 + 11Va)Un 1 + (11Ve + Vi — 3Va)Us,.

(d) 31V, = (9Va — 3Vi — 2Vo)Upt1 + (11Vo + Vi — 3Va)Un + (11V1 — 3Vo — 2Va)Un—1.

(€) 31V, = (Vo — 2Vi + 6Va)Uy, + (11V1 — 3Vo — 2Va)Un_1 + (9Va — 3V4 — 2Vo)Un—o.

() (V3 +VEVa+VoV2 —3VoViVa 4 VP + V2V — 2ViViE + VU, = (3VE 4 2ViVa 4+ 2V Vi — 2V —
3VoVa)Vnia + (3VE — 2VoVi 4+ 5VoVa — 2V — 5VAVa + 2VE ) Vs + (—2ViE — 2Vo Ve — 3VA VG +
3VZE — ViVa)Vnyo.

(@) (V&+VEVa+VoVP —3VoViVa+ VP +ViEVe —2ViVE + Vi Uy = (BVE + V2 +2VoVa—3ViVa) Vs +
(—2V§ — 2VoVa — 3VAVo + 3V5 — ViVa)Vayo + (V2 — 2V5 + 2VoVi — 3VoVa + 2ViVe)Vay1.

(h) (V&' + ViV + VoVi —3VoViVa + V2 + ViPVa — 2ViV5 + Vi, = (V5 — 3VoVa + V2 — 4Vi Ve +
3Ve )WWniz + (3VE 4+ 2ViVa + 2Vo Vi — 2V5 — 3VoVa) Va1 + (BVF + 2VaVo + Vi — 312V V.

(i) (V& + VEVa + VoV = 3VoViVe 4 Vi + V2Va — 2ViVE + Va U, = (V@ — VoVi — 3VoVa + 4V —
Vi Vo 4 VE)WWni1 4 (3VE +2VaVo + V2 — 3VaVi)V, + (VE — 3VoVi 4+ V2 —4ViVa + 3VE) V1.
() (VE+VEVa+VoVE—=3VoViVa+VE+VE2Va —2ViVE+ VU, = (AVE—VoVi —VoVa+5VE—5ViVa+
VAW +(VE =3VoVi+VE —dViVa+-3VE ) Vno1 + (VE = VoVi —3Vo Vo +4VE —2Vi Vo + V)V —2.

Proof. From Lemmas 3.3 and 3.4, (a)-(j) follow. O

The following theorem shows that there always exist interrelation between generalized Narayana and
Narayana-Perrin matrix sequences.

Theorem 4.3. For the matrix sequences {V,,} and {H.}, we have the following identities.

(a) 53V, = (15‘/2 —11V; — 10V0)7‘[n+4 =+ (25V0 + Vi — 11‘/2)Hn+3 + (25V1 —11Vy — 10V2)7‘[n+2.
(b) 53V, = (15Vh — 10V4 + 4Va)Hop i3 + (25V1 — 11Vy — 10Va)Hn s + (15Va — 11V5 — 10Vo)Hnt1.
(C) 53V, = (4% + 15V; — 6V2)Hn+2 =+ (15‘/2 — 117 — 10‘/())7'[»”4,_1 —+ (15V0 — 10V7 + 4‘/2)7'[»”

(d) 53V, = (4V1 — 6Vo + 9V2)Hgr + (15Vo — 10Vy + 4Va)Hy + (V0 + 15V1 — 6Va) Ha—1.

(€) 53V, = (9Vo — 6V1 + 13Va)H,, + (4Vo + 15Vi — 6Va)Hpo1 + (4Vi — 6Vo + 9Va) Mo,

() (V& +VEVa+ VoV —3VoViVe + VPP + V2Va — 2Vi Vi + VB H, = (2VF + 3VoVi — Vo Vo + 3V +
ViVa =3V )Wania+ (V& —5VoVi+4Vo Ve — 3V —6ViVa 4+ 5V ) Vnas + (=3VE = VoVi =5V Va +
2VE + 2ViVa + V&) Vnyo.

(@) (V&+VeVa+ VoV =3VoViVa+ VP + ViV —2Vi V5 + Vs ) Ha = (3VE +3VoVa — 2Vi Vo +2V5 —
5ViVa)Vnis 4+ (=3VE — VoVi — 5VoVa + 2V 4+ 2ViVa + V&) Vnyo + (2VE + 3VoVi — Voo +
3VP + VaVa — 3V5 ) V.

(h) (V& +VEVa+VoV2 —3VoViVa + VP + VEVa — 2V V5 + VB Hn = (2VE — 3V1Va — 3Vo Vi + 3V5 —
2VoVa)Vata + (2VE + 3VoVi — VoVa + 3V + ViVe — 3V ) Vnt1 + (3VE + 3VoVa — 2VA VG +
2VE — 5V1Va) V.

(i) (V&+VEVa+VoVE—=3VoViVa+VE+VEV, —2ViVE + V3’ = (2VE —3VaVo+5VE =2V Vi) Vg1 +
(3V02 + 3VoVo —2V1 Vo + 2‘/22 — 5V1V2)Vn =+ (2V12 —3ViVa —3Vo V1 + 3‘/22 — 2V0V2)Vn_1.

() (V& +VEVa+ VoV —3VoViVa + Vi + V2Va — 2Vi V2 + V3 H, = (BVE — 2VoVi + 5V — TViVa +
2V Vn + (2VE — 3ViVa — 3VoVi + 3V5 — 2Vo Vo) Vo1 + (2VF — 3VaVo + 5V — 2VaV4) Vs,

Proof. From Lemmas 3.5 and 3.6, (a)-(j) follow. O

To prove the following Lemma 4.5 (c) we need the next lemma.
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Lemma4.4. Let A, B,C asin Theorem 2.3 and A, B1,C1; Az, B2, Ca; As, B3, C3 as in Corollary 2.4.
Then the following relations hold:

A} = Ay, B =B, C =0y,

AB = BA=AC=CA=CB=BC=(0),
AiBi = BiAi = A,Cy = C1A; = C1B1 = BiCy = (0),
AsBy = BaAs = A3Cy = CaAs = CoBs = BaCa = (0),
AsBs = BsAs = A3C3 = C3A3 =C3Bs = B3C35 = (0).

Proof. Usinga+ 8+~ =1,aB8 + ay+ By =0and afy = 1, required equalities can be established
by matrix calculations. See also [25]. O

Lemma 4.5. For all integers m and n, we have the following identities.

(@) MoVi = VuNg = V.

(b) VoN,. = NoVo = V.

(€) NowNo = NNy = N
(d) NowVi = VN = Vingn.
(€) Nulhy = Un Ny = Unnsn.
) NowHn = HoNow = Hontn.
(9) VoVn = Vi )o.

(h) VaVim = Vi Vi = VoV .
(i) Now = (No) ™

() Vo =Vo) (V)"

Proof. Identities can be established easily.

(a) Since N is the identity matrix, (a) follows.
(b) It can be seen by using Lemma 3.1.
(c) (c)is given in [25]. We supply the proof for completeness. Using Lemma 4.4 we obtain

NN, = (A10ém + Bi1g™+ Clﬁm)(Aloén + B+ Cl'Vn)
= Ala™T 4 BIg"T 4 O™ 4 A1Bia™ B 4 Bi A" B
+A1C1a"Y" + C1A1Q"y™ + B1C1 8™y + C1 B y™

= A" 4 BT 4 Oy

= Nmin-

(d) From (b), we have
N Vi = NonNoldo .
Now from (c) and again from (b), we obtain A,V = NowinVo = Vintn.

It can be shown similarly that V, N, = Vintn.
(e) Take V,, = U, in (d).
(f) Take V,, = H,, in (d).
(g) After matrix multiplication, just compare the row and column entries of the matrices.
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(h) Using (d) and (g) and (b) we get
VoVman = VoVaNam = Vo VoNp = Vi Vin.
Again, using (d) and (g) and (b), we obtain
VoVman = VoVmNy = Vi VoN, = Vi V.

This completes the proof of (h).

(i) Suppose first that n > 0. We prove by mathematical induction. If n = 0 then we have

1 0 0 1 0o o0\ "
No=| 010 |=[0 10 = (No) ™!
0 0 1 0 0 1
0 1 0 1o 1\ "
Ni=|lo o 1 ]=[10 0 =Nt
1 -1 0 01 0

which is true. Assume that the equality holds for n < k. For n = k + 1, by using (c), we obtain

(Nk+1)71 = (NkN1)71 = (./\/’1)71(./\/’1@)71 =N_1N_g

0 1 0 Newsr Nopor  Noy
0 0 1 Nt Noos Noga
1 -1 0 N_g—1 N_p_3 N_p_o
N_y N_k—2 N_g-1
= N_p—1 N_i_3 N_j_o
Ni_g—N_p N_p_1—N_x_2 N_p—N_p_
N_p N_p_o N_p_
N_x-1 N_x_3 N_p_o
N_g—2 N_p_4 N_p_3
( N_esnsr Nogpn-1 Nogern )

which is true and

N_k+1)  No@k4n—2 N_@t1)-1
N_tky1)-1 Noe41)-3 N_@et1)—2
= N_@+n

Thus, by induction on n, this proves (g) for n > 0. Suppose now that n < 0. Say m = —n.
Then (g) can be written as

N = (Nom) ™!
and we prove this. Since m > 0, from the first part of the proof, we have

Nem = Nw) ™"

and so

which completes the proof.

(j) Taking —n + 1 for m and 1 for n in VoVim+n = Vi Vs, Which is given in (h), we obtain that

VoVon =V npV_1. (4.1)
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If we multiply both side of the equation (4.1) with V, we have the relation

V()Vovfn = V0V7n+1V71
= V_nt2V_1V_1.

Repeating this process we then obtain

VETtvo, =V
Thus, it follows that

V_p = V™V,

This completes the proof. O
Note that using Lemma 4.5 (j) and (d), we obtain
Vo =0Vo) (V1) = (VaN_) TV = NV Y
and then by Lemma (i), we get
VA Vi Vi
Using Lemma 4.5 and comparing matrix entries, we have next result.

Corollary 4.6. For generalized Narayana, Narayana, Narayana-Lucas and Narayana-Perrin numbers,
we have the following identities:

(@) Vinin = NouVis1 + Non—2Vi 4+ None1 Vi1 = Noni1 Vo + Non—1Vio—1 + Ny Vo

(0) Novtn = NowNot1 + Non—2No + Ny 1 Nn—1 = Nons1Nn + Ny 1 N—1 + Nyu No—_a.
(©) Umin = NoUnis1 + Npv—2Un + Nop-1Un—1 = Noni1Un + Non—1Un—1 + NonUn .
(d) Huin = NmHpi1+ NowoHp + Nyw 1Hp 1 = N1 Hy + Npp 1 Hp 1 + N Hyp o

(e) ‘/erl‘/n‘f'meanfl“FVm‘/an = Vrn‘/nJrl‘i'me2vn+Vm71anl = ‘/()Vrrz+n+1+(vl_‘/0)‘/m+n+
(VQ - Vl)Vm+n—1~

(f) Nm+1Nn + Nm—1Npn—1+ Ny Np—2 = NmNn+1 + Nm—2Np+ Np—1Np—1 = Nm+n~

(g) Um+1Un + UmflUnfl + UmUn72 = UmUn+1 + Um72Un + UmflUnfl = 3Um+n+1 - 2Um+n

(h) Hm+lHn+Hm—1Hn—l+HmHn—2 = HmHn+1+Hm—2Hn+Hm—1Hn—1 = 3Hm+n+l_3Hm+n+
2I_Im,+n—1-

Proof. We prove (a) and (e) by using Lemma 4.5 (d) and (h). The others are special cases of (a) and
(e). Lemma 4.5 (d), i.e., Non Vi = VN = Vintn, Can be writtten as

Vm+7L+1 ‘/m+n—1 Vm+7b Nm+1 Nm—l Nm ‘/n+1 ‘/n—l ‘/n
Vindn  Vindn—2  Vign—1 = Nm  Nm—2 Npo1 Voo Voo Vi
Vm+n71 Vm+n73 Vm+n72 Nmfl Nm73 N'me anl Vn73 Vn72
Voarr Vaor Vi Nm+1 Nm-1  Nnp
= Vi Vaoa Vi Ny Nm—2 Npoa
Vn—l Vn—3 Vn—2 Nm—l Nm—3 Nm—2

Now, by multiplying the matrices and then by comparing the 2nd rows and 1st columns entries, we
get the required identities in (a).
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Lemma 4.5 (h), i.e., Vo, Vi = Vi Vi = VoVim+n, €an be writtten as

Vn+1 Vn—l Vn Vm+1 Vm—l Vm
Vn Vn72 anl Vm Vm72 mel
Vn—l Vn—3 Vn—2 Vm—l V’m—B Vm—2
Vm+l mel Vm Vn+l anl Vn
= Vin Vin—2 Vi1 Vn Vo2 Vi
mel Vm73 Vm72 anl Vn73 Vn72
Vl ‘/2 - Vl VO Vm+n+1 Vm+n—1 Vm+n
= % ‘/1 - VO ‘/2 - ‘/1 Vm+n Vm+n72 Vm+n71
‘/2 - Vl ‘/0 + Vl - ‘/2 ‘/1 - % Vm+n71 ‘/7n+n73 ‘/TVL+7L72

Now, by multiplying the matrices and then by comparing the 2nd rows and 1st columns entries, we
get the required identities in (e). O

As an application of Lemma 4.5 (i) and Corollary 4.6 (b), we present the following example.
Example 4.7. For all integers n, we have the following identities.
N_n=N} 1 —NyNy_2
and
NSy + N2+ N2y — 2N, N2y + (Np—1 4+ Noy1)N2 — (3Nn — Nu—1) Ny 1 N1 = 1.

Solution. By comparing the 2nd rows and 1st columns entries of both sides of the relation N_,, =
(N») ™! which is given in Lemma 4.5 (i), we get
NT2L*1 - NTLN7L72
Nn73Nr% - ZNnanan72 + Ng_l - Nn+1Nn73Nn71 + Nn+1N721_2
N72171 — Ny Np—2
NS+1 + Nr% + N3,1 - 2N7LN72L+1 + (anl + Nn+1)N72L - (3NVL - anl)NnJranfl
where we used the identities

N_, =

(4.2)

Nn = Np_1+Np3=Np—Np_1 :Nn—37
Nn+1 = Np+Np_2 an«kl — Np = Nyp_o.

Using (taking m = n in) Corollary 4.6 (b), we get
Now = N2_1 + NuNpg1 + NNy o, (4.3)
In [30, Corollary 12 (a)], the following formula is presented for N_, :
N_,, = 2N?2 4+ Nap, — 3Np 11 N,,.
which (using (4.3)) can be written as
N_p = N,Nn_2—2N,Nyi1+2N2+ N2_;. (4.4)
Note that

N? | —NuN, o = (NyNn_a—2N,Nni1+2N2+N2_1)—2N, (Np — Npi1+ Np_o)
NyuNn—5 —2NpNpy1 + 2N, + Ni_y

because N,, — N,,+1 + N,,—2 = 0. So the rights sides of the equations (4.2) and (4.4) must be equal.
This completes the solution. O
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Theorem 4.8. For all integers m and n, we have the following identities.

@) ViVo = ViV = (Vi = Va)* Ningnra — 2(Vi = Va) (Vo + Vi = Vo)Ningnsa + (V5 = V2 + V§ +
AVoVi — AVoVa)Nmang2 +2(Vi — Vo) (Vo + Vi — Va) N1 + (Vo — Vi) N

(b) VinVn = Vo Vin = (V2 - ‘/1)V'm+n+2 + (VO + V- ‘/2)Vm+n+l + (‘/1 - ‘/O)Vm+n~

(C) van - VnNm = (‘/2 - Vl)Nm+n+2 + (% + Vl - ‘/Q)Nm+n+l + (Vl - %)Nm+n

(d) 31NV, = 31V Ny = (11V1—3V0—2V2)Z/[m+n+2+(%—14‘/1+11V2)um+n+1+(11‘/0+‘/1—3‘/2)
Unn4n-

(e) 53NV = 53V Ny = (4Vo + 15V — 6V2)7'[m+n+2 + (15V2 — 11V — 10V())’Hm+n+1 + (15V0 —

Proof.

(a) It follows from Theorem 4.1 (c) and Lemma 4.5 (c).
d).
C).

) (
(b) It follows from Theorem 4.1 (c) and Lemma 4.5 (
(c) It follows from Theorem 4.1 (c) and Lemma 4.5 (
(d) It follows from Theorem 4.2 (c) and Lemma 4.5 (e).
)

(e) It follows from Theorem 4.3 (c) and Lemma 4.5 (f). O

Note that in Theorem 4.8 we use (c)’s of Theorems 4.1, 4.2 and 4.3. Using (a),(b),(d),(e),(f),(g)(h),(i),()’s
of Theorems 4.1, 4.2 and 4.3 we can establish other recurence relations.

Using Theorem 4.8 and comparing matrix entries, we have next result.

Theorem 4.9. For generalized Narayana, Narayana, Narayana-Lucas and Narayana-Perrin numbers,
we have the following identities:

(a) ‘/mvn+1 + ‘/m72‘/n + mel‘/nfl = Verl‘/n + ‘/mfl‘/nfl + Vm‘/n72 = (Vl - V2)2Nm+n+4 +
2(Va — Vi) (Vo + Vi — Va)Nigngs + (V& + 4VoVi — 4VoVa — V2 + V&) Nimgngz + (2Vi —
2‘/0) (‘/0 + Vl - ‘/2) Nm+n+1 + (‘/O - V1)2Nm+n~

(b) van+1 + Vm—QVn + Vm—lvn—l = Vm+1vn + Vm—lvn—l + van—Q = (V2 - %)Vm+n+2 + (‘/O +
Vi = Va)Vimignt1 + (Vi — Vo) Vingn.

(c) N’mVn+1 + Nm72Vn + Nmflvnfl = N’m+1Vn + Nmflvnfl + van72 = (VZ - Vl)Nm+n+2 +
(VO + Vl - ‘/Z)Nm+7b+l + (Vl - ‘/O)Nm+n~

(d) 31(NmVn+1 + Nm72Vn + Nmflvnfl) = 31(Nm+lvn + Nmflvnfl + NmVn72) = (11‘/1 - 3% -
2‘/2)Um+n+2 + (% - 14‘/l + 11‘/2)Um+n+1 + (11% + ‘/1 - 3V2)U'm+n-
(e) 53(van+1 + Nm—QVn + Nm—lvn—l) = 53(Nm+1vn + Nm—IVn—l + van—Q) = (4% + 15Vl -

Proof. By multiplying matrices and then by comparing the 2nd rows and 1st columns entries in
Theorem 4.8 (a), we get the required identities in (a). The remaining of identities can be proved by
considering again Theorem 4.8. OJ

Taking V., = N,, in Theorem 4.9, we obtain the following corollary.

Corollary 4.10. For Narayana numbers, we have the following identities:

(a) NmNn+1 + Nm72Nn + Nmlenfl - Nm+1Nn + Nmlenfl + NmNn72 - Nm+n~

(b) 31(NmNn+l + Nm72N'n +Nmlenfl) = 31(Nm+an “!‘Nmlenfl +NmNn72) = 9Um+n+2 -
3Umin+1 — 2Um4n.
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(c) 53(NmNn+l +N'm72Nn+Nm71Nn71) = 53(Nm+an +Nm71Nn71 +NmNn72) = 9Hm+n+2 +
4I{m+n-§-1 - 6Hm+n-

Taking V,, = U,, in Theorem 4.9, we get the following corollary.

Corollary 4.11. For Narayana-Lucas numbers, we have the following identities:

(a) UmUn+1 +Um72Un+Umfl Unfl = Um+l Un"!‘Umfl U'n,fl +UmUn72 = 9Nm+n+2 - 12N’m+n+l +
4Nm+n~

(b) UmU'rH»l + Umf2Un + UmflUnfl - U’m+1Un + UmflUnfl + UmUn72 - 3Um+n+l - 2Um+n

(c) NmUn+1 + Nm—QUn + Nm—lUn—l = Nm+1Un + Nm—lUn—l + NmUn—Q = 3Nm+n+l - 2Nm+n~

(d) NmUn+1 + Nm—QUn + Nm—lUn—l = Nm+1Un + N’m—lUn—l + NmUn—2 = Um+n~

(e) 53(NmUn+1 + NTVL72U’I7, + NmflUnfl) - 53(Nm+1Un + NmflUnfl + NmUn72) - 21Hm+n+2 -
26Hm+n+l + 39Hm+n-

Taking V,, = H,, in Theorem 4.9, we obtain the following corollary.

Corollary 4.12. For Narayana-Perrin numbers, we have the following identities:

(a) HmHn+1 + H'mf2Hn + Hmlenfl = Hm+1Hn + Hmlenfl + HmHn72 - 4Nm+n+4 +
4Nm+n+3 - 11Nm+n+2 - 6Nm+n+1 + 9Nm+n~

(b) HmHn+1+Hm72Hn+Hmlenfl = H’m+1Hn+Hmlen71+HmHn72 = 2H’m+n+2+Hm+n+1_
3H7n+n~

(c) NmHn+1+Nm72Hn+Nm71Hn71 = Nm+1Hn+Nmlenfl+NmHn72 - 2Nm+n+2+Nm+n+17
3N7n+n-

(d) 31(NmHn+l+Nm72Hn+Nm71Hn71) - 31(Nm+1Hn+Nm71Hn71+NmHn72) == 713Um+n+2+
25Unmns1 + 27U n.

(e) NmHn+1 + Nm72Hn + Nmlenfl - Nm+1Hn + Nmlenfl + NmHn72 = Hm+n~

The next two theorems provide us the convenience to obtain the powers of generalized Narayana,
Narayana, Narayana-Lucas and Naraya-perrin matrix sequences.

Theorem 4.13. For all integers m,n and r, the following identities hold:

(a) N:zn = Nmna

(b) :ﬁtl - NlmNmn7

(€) No—iNpir = N2 = NJ-.

Proof. We prove for m,n,r > 0. The other cases can be proved similarly.

(a) We can write N;* as
N = NNy .. Ny, (m times).

Using Theorem 4.5 (c) iteratively, we obtain the required result:
————
m times
= NopNoNy . Ny
%,—/
m—1 times

= NSTLNTL-/\/;LNTL
—_————

m—2 times

= /\/’(anl)nNn
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(b) As a similar approach in (a) we have

rTLnJ’rl - Nn+1‘Nn+1~~~Mz+1 = Nm(n+1) - -/\/:mNmn = Nlefl mn-

Using Theorem 4.5 (c), we can write iteratively A, = NMiNm—1, Nim—1 = NiNm—2, ..

N1MN:. Now it follows that
N

w N2 =

= MM..NNmn = N N
——

m times

(c) Theorem 4.5 (c) gives

Nn—an+’r:N2n:NnN :NS

and also

an'r-/\/’n+r :NQn :NQNQ...N2 :Ngn
—_——

n times

We have analogues results for the matrix sequence V,,.

Theorem 4.14. For all integers m,n and r, the following identities hold:

(a) Vi—rVnir = Vrzu
(b) V' = Vi"Noma.

Proof.

(a) We use Binet’s formula of generalized Narayana sequence which is given in Theorem 2.3. So

an'rvnﬁ»r - vrzz

0

(Aanfr + Bﬁnf'r‘ + C,ynf'r)(Aa’rrl»'r + Bﬁn+r + nyn«l»'r) _ (AO[” + Bﬁn + C’y")z
ABanfrﬂnfr(ar _ BT)Z +Acan77‘7n7'r(a'r

_ 77”)2 + Bcﬁnfr,ynfr(ﬂr _ 77‘)2

since AB = AC = BC = 0 (see Lemma 4.4). Now we get the result as required.

(b) By Theorem 4.13, we have
Vo'

mn = VoVo.. VoNu N . Ny
—_——N—

m times

m times

When we apply Lemma 4.5 (b) iteratively, it follows that

(VoN=) VoNL)...(VoN)
an'n~~vn = V:zn

VS"’N mn

This completes the proof. [

5 CONCLUSION

There have been so many studies of the
sequences of numbers in the literature and
the sequences of numbers were widely used
in many research areas. Many authors use
matrix methods in their work. On the other
hand, the matrix sequences have taken so much
interest for different type of numbers. See, for
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example, [29,18,19,27]. In this paper, we define
the matrix sequence of generalized Narayana
numbers. The method used in this paper can be
used for the other linear recurrence sequences,
too. It is our intention to continue the study and
explore some properties of some type of matrix
sequences of special numbers, such as matrix
sequences of Hexanacci and Hexanacci-Lucas
numbers.
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In this paper, we obtain some fundamental
properties on matrix sequence of generalized
Narayana numbers. We can summarize the
sections as follows:

e Insection 1, we present some background
about generalized Narayana numbers.

e In section 2, we define generalized
Narayana matrix sequence and then the
generating functions, the Binet formulas,
and summation formulas over these new
matrix sequence have been presented.
We have written sum identities in terms
of the generalized Narayana matrix
sequence, and then we have presented
the formulas as special cases the
corresponding identity for the generalized
Narayana sequence. All the listed
identities in the theorem and corollary may
be proved by induction, but that method of
proof gives no clue about their discovery.
We give the proofs to indicate how these
identities, in general, were discovered. We
can mention some applications of sum
formulas. Computations of the Frobenius
norm, spectral norm, maximum column
length norm and maximum row length
norm of circulant (r-circulant, geometric
circulant, semicirculant) matrices with the
generalized m-step Fibonacci sequences
require the sum of the numbers of the
sequences.

e In section 3, we obtain some identities
of generalized Narayana and Narayana,
Narayana-Lucas and Narayana-Perrin
numbers.

e In section 4, we show that there always
exist interrelation between generalized
Narayana, Narayana, Narayana-Lucas
and Narayana-Perrin matrix sequences.
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