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Abstract

In this paper, we propose a Hepatitis C virus transmissions model with time delay. Firstly, we
get the condition for the existence and local stability of equilibria of the system. Secondly, by
choosing the time delay 7 as a bifurcation parameter, we show that Hopf bifurcation will occur
as the time delay 7 passes through some critical values. Thirdly, by use of normal form theory

and central manifold argument, we establish the direction and stability of Hopf bifurcation. At

last, some numerical simulations is provided to verify the theoretical results.

Keywords: Hepatitis C virus; time delay; Hopf bifurcation; normal form theory; center manifold
theory.

2010 Mathematics Subject Classification: 92D30; 34K20

1 Introduction

Infection with Hepatitis C virus (HCV) is a major global public health problem. The WHO
estimates that up to 3% of the world’s population has been infected with the virus, equating
to more than 170 million carriers of HCV worldwide [1]. HCV has been recognized as a major cause
of chronic liver disease since there is strong evidence demonstrating the association of chronic HCV
infection to cirrhosis and hepatocellular carcinoma (HCC) [2,3]
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HCV is a single-stranded ribonucleic acid (RNA) virus that is transmitted primarily through direct
percutaneous exposures to blood. In many countries, the two most common exposures associated
with transmission of HCV are injecting-drug use and transfusion of blood from unscreened donors.
Transmission can also result from occupational, perinatal, and sexual exposures [4,5].

Most of newly infected persons are asymptomatic (and are unaware of their infection) with a
minority having symptoms such as jaundice, dark urine, fatigue, nausea, vomiting, and abdominal
pain [6]. Approximately 10-20% spontaneously clear the virus and develop natural immunity.
Following the acute period, a high proportion of HCV-infected persons develops chronic infection.

Mathematical modeling and quantitative analysis of Hepatitis C infections has been explored
extensively over the last decade. Martcheva and Castillo-Chavez introduced an epidemiologic model
of hepatitis C with chronic infectious stage in a varying population [7]. Their model does not include
a recovered or immune class and falls within the susceptible-infected-susceptible (SIS) category of
models. A susceptible-infected-removed (SIR) model is used by Kretzschmar and Wiessing to
study the transmission of HCV among injecting drug users (IDUs) [8]. Models that allow for
waning immunity of the susceptible-infected-removed-susceptible (SIRS) type are used in [9,10].
For Hepatitis C infections, on adequate contact with an infectious individual, a susceptible becomes
exposed for a while; that is, infected but not yet infectious [11]. Thus it is worthy to introducing a
time delay 7 to simulate latent compartment. So, in the article we will analyze a Hepatitis C virus
transmissions model with time delay.

The organization of this paper is as follows: In section 2, the model is formulated. In section 3, we
consider the existence and stability of equilibria of the system. In section 4, by use of normal form
theory and central manifold argument, we illustrate the direction and stability of Hopf bifurcation.
In Section 5, some numerical simulations is provided to verify the theoretical results.

2 Model Formulation

A susceptible individual acquires acute HCV infection primarily through effective exposure to
infected blood of a temporary or a chronic HCV disease, shifts to the latent period averaging 6-10
weeks and then becomes acute HCV state which is relatively short in comparison to the chronic
stage [12]. By convention, prolonged chronic Hepatitis is believed to have developed when the serum
enzymes remain abnormal for at least 6 months.

We construct a Hepatitis C virus transmissions model with time delay instead of latent compartment.
The population is divided into three classes: susceptible to infection (S), acutely infected (I),
persistently (chronically) infected (P). We choose a simple demographic model with a constant
rate A of recruitment in the naive class and exit rate p for all classes. Susceptible persons are
infected at a rate [3;, respectively. Upon infection, the host moves into the I compartment and
progresses to chronic stage at rate e. The model can be described by the following delay differential
equations:

5 _ s BrSI(t —7) — B2SP(t — T) — S,
— = BSI(t —7) + 2SP(t —7) — (n+ €)1, 21
b

= 6] — l,LP.

dt
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3 Local Stability of Equilibriums and the Existence of
Hopf Bifurcation

By simple calculation, we know that system (2.1) always has a disease-free equilibrium Eo(%7 0,0)
and if the basic reproduction number

 A(pBr+ €B2)
fo = 2ite

then system (2.1) has a unique endemic equilibrium

A A 2 €

E*(S8*,I",P*) = E*(—-, ,=17).
( ) (uRo pte phiteb p )

3.1 Local stability of £,

In this subsection, we will analyze the local stability of equilibrium Fy. Linearizing system (2.1) at
FEy yields the following linear system

% =—uS — %I(t—ﬂ — %P(t—ﬂ,
dI A A
7:ﬂl(t—r)—l—ﬁP(t—T)—(e—i-,u)L (3.1)
dt 7 7
E =el — uP
dt - )u 9

and its characteristic equation is

)‘+,u %67)\7— %67>\T

0 A2 M yp(etp) —BE2e M | =0,
0 —€ A

or equivalently,

AB1 _ar AB1 _ar AB2 _ar
A+ p) |:A2+(2/L+6—%6 A ))\—i—u(u—i—e—%e A )—#e A } =0. (3.2)

We will consider this characteristic equation for two cases:

Case 1 7 =0, then the equation (3.2) reduces to

(A +p) [A2+(2u+e—%))\+u(ﬂ+e_ﬂ)_%} —o

I I

It is easy to see that the eigenvalues satisfy

)\1:_N<07

A
/\2+)\3:—(2u+e—%)<0,
A61 EAﬁQ
A2z = +e— L) - =
23 = p(p m ) m

Hence, by Routh-Hurwitz criterion, we get that if Ry > 1, then A2A3 < 0, which indicates that
there is one positive eigenvalue; if Ry < 1, then A2A3 > 0, which indicates that both eigenvalues
have negative real part.
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Case 2 7 > 0, then the sign of the real part of the eigenvalues can not be determined, which
means that this equilibrium may be locally stable or unstable.
According to the above discussion, we get the following result.

Theorem 3.1. (i) For 7 = 0, if Ry < 1, the disease-free equilibrium of system (2.1) is locally
asymptotically stable; if Ro > 1, it is unstable.

(i) For T > 0, the local stability of the disease-free equilibrium in unknown.
3.2 Local stability of £* and existence of Hopf bifurcation

In this subsection, we investigate the the stability of the endemic equilibrium and the existence of
Hopf bifurcation.

We make the following assumptions:

(H1)Ro > 1, which indicates that system (2.1) has a unique endemic equilibrium.
(H2)Equation (3.8) has at least one positive real root.
Linearizing system (2.1) at the equilibrium E*, we will get

=—(BLI" + PP+ p)S — prS™I(t — 7) — f2S"P(t — 1),

= (B1I" 4 B2P*)S + B1S*I(t — 7) — (e + p)I + B2S*P(t — 7), (3.3)
=el —uP.

as
&
ap
dt
We will consider two cases.
Case 1 When 7 = 0, the characteristic equation of system (3.3) is

A+ )N+ 2utet Bl + P = BiS )N+ — pBrS™ + €BiT" + p(e+ BiI" + B2 P*)] = 0. (3.4)

When Ry > 1, we get that all of the eigenvalues of equation (3.4) have negative real part, which
means that E* is locally stable for system (2.1).

Case 2 When 7 > 0, the characteristic equation of system (3.3) is

N4 DN+ EX+F=e(GN +H\+J), (3.5)
where
D =3u+e+ piI"+ B2P", E =3p® 4 2ue + (2u + €)(B1I* + B2 P*),
Foo=p(p+e)(Bul” + B2 P7), G =pS",
H =pubiS* + €657, J = uB2S* + euB2S*.

Suppose that there is a pure imaginary root A = iw, w > 0, then we get
—iw® — Dw? 4+ Bwi+ F = ¢ “"(—Gw® + Hwi + J).

Separating the real and imaginary parts, we have

—Duw? + F = (—~Gw? + J) coswr — Hwsinwr, (3.6)
—w® + Bw = — [Hwcoswr + (—Gw® + J) sinwr] . '
Adding the square of the above two equations, we obtain
Wb+ w'(D? —2E - G*) + w?(E* —2DF +2JG — H*) + F* — J* = 0. (3.7)
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Denote p = w?, then equation (3.7) becomes
p® 4+ p*(D* —2E — G®) 4+ p(E* —2DF + 2JG — H*) + F*> — J?> = 0. (3.8)
Let K(p) = p* +p°(D* — 2E — G*) + p(E* —2DF + 2JG — H?) + F* — J°.

According assumption (H2), we know that equation (3.8) has at least one positive real root, and it
is denoted as po. Then equation (3.7) has a positive root wp, and then the characteristic equation
(3.5) has a pair of purely imaginary of the form =+ iwg. From (3.6), we get the corresponding 7o > 0
such that the the characteristic equation (3.5) has a pair of purely imaginary, and here

_ 1 Huwo(wi — Ewo) + (Gwd — J)(F — Dwi)
To = o [arccos (Hoo)® + (Ga? — J)?

].

Differentiating equation (3.5) with respect ¢, we get

(3\* + 2D + E)Q = (779 —Ne M (GN + HA+J) +e (26N + H)Q,
dt dt dt
and form which we have
(@)71 _ 3N +2DA+E—e M(2GA+H) T
dr - —Xe A (GA2+ HA+ J) A
_ 3N 4+2DX+E 2GA+H T
T X M(GN2+ HA+J) | MGX2+HA+J) A
_ 2\ + DX — F N G\ —J T
T XA DXL EAFF)  A(GN+HA+JT) X
Therefore
. d(Re\ . dr,
sign{ 0Ny~ sign{Re(S2) iy
dr dr
— sian{Re] 2)° + DN* - F Ih—iwn + Re] GX —J Iacion}
TS N D+ BA 1 )T TR (@R A+ ) N
— sign{ 2w (w§ — Fuwo) — (F2 — D*wd) —(Guwd)* + J*?

WR[(~Daf 1 F)P + (@ Bwo)?] * GE(Cug 1 )7 + ]
2wg + wi(D? —2E — G?) — (F? — J2)}
ARG+ TP+ ()]

= sign{

From assumption (H2), we have @\T:TO > 0. This result means that there exists a root of
characteristic equation (3.5) crosses the imaginary axis from the left to the right as 7 continuously
varies from a number less than 79 to one greater than 79 by Rouché’s theorem [13]. Thus, we get
the following result.

Theorem 3.2. If assumptions (H1) and (H2) hold, then we have

(i) The endemic equilibrium E™ of system (2.1) is locally asymptotically stable for T € [0,70).
(i) The endemic equilibrium E™ of system (2.1) undergoes a Hopf bifurcation when T = 19.

4 Direction and Stability of the Hopf Bifurcation

In this section, we will analyze the direction of Hopf bifurcation and stability of bifurcation periodic
solution by using the normal theory and the center manifold theorem [14].

Let uiy =S-S5, we=I1-1I", wus=P—P*, u(t)=ui(rt), 7 =v+ 7k, and dropping the
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bars for simplification of notations, then system (2.1) becomes a functional differential equation in
C = C([-1,0], R?) as
u(t) = Lo (ut) + f(v,w), (4.1)

where u(t) = (u1(t),uz(t),us(t))” € R® L,:C = R, f:Rx C — R? and

—(BLI* + B2 P* + ) 0 0 $1(0)
L,(¢) = (m+v) prl* + B2 P* —(e+p) 0 $2(0)
0 € ¢3( ) (4 2)
0 —B1S* —pBS5* b1(— 1)
e +p) | 0 BiST BaS* ¢2(—1)
0 0 0 ¢d3(—1)

—B1¢1(0)pa(—1) — B26h1(0)¢3(—1)
) , (4.3)

[, @) = (ke + 1) ( B1#1(0)p2(—1) + B21(0)p3(—1
0

where ¢(0) = ($1(0), $2(0),$3(0))T € C. By the Riesz representation theorem, there exists a
function n(6, 1) of bounded variation for 6 € [—1, 0], such that

L@ = [ dnfo.0)o(0). forgec. (4.4)

—1

In fact, we can choose

—(BuI* + B2 P* 4 1) 0 0
nO,p) = (76 +p) Bul™ + Bo P —(e+p) 0 [4(0)
0 € —u
0 —p1S* =257 (4.5)
—(me+p)| 0 BLST  B2ST [ 6(0+1),
0 0 0
where § is the Dirac delta function. For ¢ € C*([—1,0], R?), define
ﬂ(;% 6 € [-1,0),
Ape=1{
[ ants.wots). oo,
-1
and oc )
o, €[-1,0),
R(”)‘f’*{ flu ), 6=0.
Then system (2.1) is equivalent to
Av R(v)uy, (4.6)

Jue
where u¢ () = u(t+0),6 € [-1,0]. Forwecl([ ] (R3)*), define
dy(s)
Ods ’
1/1(_7')d77(ta 0)’ s=0,

—1

€ (0,1],
A™(s) =

and a bilinear inner product
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0 2]
(0(s), $(8)) = B(0)$(0) — / L, P oanoeae, (4.7)

where 1(6) = n(6,0). Then A(0) and A" are adjoint operators. By the discussion in Section 3, we
know +iwo7o are eigenvalues of A(0). Thus, they are also eigenvalues of A*. We need to compute
the eigenvector of A(0) and A* corresponding to iwo7o and —iwoTo, respectively.

Suppose that ¢(8) = (1,q1,q2)"e™0™? is the eigenvalues of A(0) corresponding to iwoo, then
A(0)g(0) = iwoToq(). It follows the definition of A(0) and (4.2), (4.4)and(4.5), we have

—(B1" + B2 P + 1) 0 0 0 —p1S* —pB5"
To prl* + B2 P* —(e+p) O q0)+mo | 0  BuS*  [a2S” q(—1) = iwoT0q(0),
0 ¢ ey 0 0 0

because of g(—1) = g(0)e 0™ then we get

_ (iwo + p)[—iwo — (Bl + B2 P* + )]

B Bi(iwo + ) + €B2)S*e~iwoTo
—iewo — €(B1l" + B P* + 1)

q2 = [51 (fwo + ,u) + 652}5*67@“0 .

I

Similarly, let ¢*(0) = D(1,q7,q35)7 €™ be the eigenvalues of A* corresponding to —iwo7o,
according to the definition of A* we get

—(B1I" 4 B2P* + ) Bil™ 4 B2 P 0

70 0 —(e+n) e ]4a°(0)
0 0 —u
0 0 0
410 | —=51ST B1ST 0 | ¢"(—1) = —iwoT0q™(0).
—B25* 28" 0

Then,
w _ —iwo 4+ (B1I" + 2P + 1)
" Bl + P~
o P28 (woi 4 e 070 [—iwo + (B1l" + Bo P + p)]
= (0 — woi)(B1I* + B2P~)

In order to assure (g*(s),¢(#)) = 1, we need to determine the value of D. By (4.7), we have

(0" (s),a(0) = D(L,a1, @) (L a)” — [° Ly D7, as)e 0 Odn(0)(1, a1, 42) 00 dg
= D{1 + q1di + 42a5 — [, (1,7, G5)0e™° ™ dn(8) (1, q1,2)"}
=D{1+ q1d7 + @235 + 10e” 0TS (1 81 + q282) (=1 + q")}.

Therefore, we can choose D as

1
D= : .
L+ q1q7 + @203 + €00 S* (1 B + @262)(—1 + q*)
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Next, we will compute the coordinate to describe the center manifold Cy. Let u; be the solution of
(4.6). Define

Z(t) ={q",ur), W(t0) =u(0) —2Re{Z(t)q(0)}. (4.8)

On the center manifold Cyp, we have

W(t7 9) = W(Z(t)7 Z(t)7 9)7

where Z and Z are local coordinates for center manifold Cy in the direction of ¢*(s) and g*. Note
that W is real if u; is real. We only consider real solutions. For the solution u; € Cy of (4.6), since
v =0, we have

2(t) = iworoZ +q"(0)f(0,W(Z, Z,0)) + 2Re{Zq(0)}
= iwomZ +7"(0)fo(Z,q")
= iworZ(t) +9(Z,q",),
where o 22 25
9(Z,2) =3 (0)fo(Z, Z) = 920~ +9uZZ +9027 ton—— +-e (4.9)
From (4.8) and (4.9), we have
w(®) = W(t,0)+ 2Re{Z(1)q(0)}
2 = 72
= WQO(H)% + Wi (9)ZZ + Woz(a)%

+(17 q1, qQ)TeinTOGZ + (17 (jh qQ)Te_inTOGZ + - )
It follows together with (4.3) that
B B —ﬁlult(o)uzt(—l) - B2u1t(0)u3t(—1)
9(Z,2) = q(0)fo(Z,Z2) =q"(0)f(0,ut) = 10D(1,q1,33) | Brure(0)uze(—1) + Bau1e(0)use(—1)
0
= 70D [Bi(q — Dure(0)uz2:(0) + B2(q7 — Dure(0)uze(—1)]
= TOD{&(@I - 1) (W;(P( 0L + WP (022 +WH (04 +Z+Z+---)
(W 0% + WID)ZZ + W (D5 + a2+ g2 .
72 —
+02(ai — )W (0% + WP (022 + Wi (0) 5 + 2+ 7+ )
3 3 3
X(WQ((J)(_]') 3 W1(1)( )ZZ+W02)(_ )ZT
_;'_qge*iwo‘mz + q_QGiWOTOZ 4+ ):| .

(4.10)
Comparing the coefficients with (4.9), we obtain

g20 = 70D (g7 — 1)(Bre 00 4 fre”0T0)
g1 270D (g7 — 1)[B1Re{qre "™} + ByRe{qze™ 0™ })]
go2 ToD (ql _ 1)[,81(]16“]0 (N 52(]26“)07—0}

m = oDl -5 (Wi @@= + WP ©O)que= =0 + WP (=1) + Wi (-1))
+B2 (Wi (0)gae™0™ + Wi (0)gae ™0™ + WP (~1) + WY (~1))].

In order to determine gz1 we need to compute Wao (), and Wi1(6). From (4.6) and (4.8), we have

W= { W 2Re{q"(0) foq(0)}, 0 €[-1,0),
— Re{q"(0)foa(8)} + fo, 0=0, (4.11)
- A( %,0),
where ) —,
H(Z,Z,G):HQO(G)%+H11(0)ZZ+H02%+~-- . (4.12)
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Note that on the center manifold Cy near the origin,
W= WzZ + W2ZL,

thus we obtain

(A(0) — 2iwoTo)Wao(8) = —Ha20(0), A(0)W11(0) = —H11(6). (4.13)
By (4.11) we know that for 6 € [~1,0)

H(Z,Z,0) = =q"(0)foa(0) — 45 fod(0) = —9(Z, Z)a(0) — §(Z, Z)q(0). (4.14)

Comparing the coefficients with (4.12)gives that

Ho0(0) = —g204(0) — §02q(0),  Hu1(0) = —g119(0) — §114(0). (4.15)
From (4.13), (4.15) and the definition of A, we have

Wao(0) = 2iworoWao(0) + g209(0) + Go23(0).

Noting ¢(#) = ¢(0)e*°™? hence

i920 w76 i§02 — —iwgT00 2iwgT00
Wao(0) = 0 o070 —q(0 o7o E oro 4.16
20(0) = a(0)e + g a0 + Ere : (4.16)

where E; = (Ei”, E§2>, E§3))T is a constant vector. Similarly, we have

Wi (0) = %Tlo (0)e~"0m% 4 By, (4.17)

where E» = (Eél), E§2>, E§3>)T is also a constant vector. In the following, we will find out E: and
Es.

From the definition of A and (4.13), we can obtain

i dn(0)Wao(6) = 2iworoWa0(0) — H20(0), (4.18)

—1

and

/01 dn(0)W11(0) = —H11(0), (4.19)

where 1(6) = 7n(0,0). From (4.11) we know that when 6 = 0,
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=
N
N
o
)
(I
|
Q*%
Py
[e]
SRS
>l
Py
S
=
>
=
=8
o
—~
_|_
o

—¢"(0)f0q(0) + fo (4.20)

|

\
&
N
N
=

that is,

HQO(O)ZTQ+H11(0)ZZ+H02(0)%2+...
= —q(0) (920%2 +911ZZ+g02272 +) — q(0) (520%2 +291122+§02272 _|_) T fo.

(4.21)
By (4.3), we have
—Brure(0)uae(—1) — Baure(0)use(—1)
fo=10 Bru1t(0)uze(—1) 4+ Baui¢(0)use(—1) ,
0
By (4.8), we have
u(0) = W(t,0) +2Re{Z(t)q(0)}
= W(t,0) + Z(t)a(0) + Z(t)a(0)
=Wao(0) % + Wi (0)ZZ + Z(t)q(0) + Z(t)q(0) + - - -
Then we have
—Bruae(0)uze(—1) = Bouas(0)usi (1)
fo=10 Bruie(0)uze(—1) + Baure(0)use(—1) (4.22)
0
By equations (4.21) and (4.22) we have
_ —Biq1
H20(0) = —9209(0) — §o2q(0) + 7e” “°™ | —f2q2 |, (4.23)
0
BiRe{qre= 070}
H11(0) = —g119(0) = 91,9(0) + 270 | BaRe{gae ™™} . (4.24)
0

Since iwoTo is the eigenvalues of A(0) and ¢(0) is the corresponding eigenvector, we obtain

0 .
(ionoI —/ eWOTOan(Q)) q(0)=0
-1
and o
(—iwmz - / e*"womodn(a)) 7(0) = 0.
-1
Thus, substituting (4.16) and (4.23) into (4.18), we have

| (B
<ino7'of - f_01 eQWUT‘Jgdn(O)) Ey =27m0e7 "0 | —fB2q2 |.

0
That is,
2iwo + 511* + ﬁQP* + u /615*672.11«/07'0 /625*67211«‘107—0
_/31_[* _ 62P* 22(‘)0 _ 513*672”“’7—0 +e+ U _625«*67210./07'0 El
0 —€

, —b1qa
— 2671(,«)07'0 —ﬂz(h ,
0
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from which we obtain

Qiwo + B1I* + Pt + B1S*e 200 BaS*e2iwomo \ 7!
E; = 2e om0 —B1I* — B P* Qiwg — P1.8%eT20T0 e f . — S e 2iw0T0
0 —€ m
—Biq1
X —P2q2
0

Similarly, substituting (4.17) and (4.24) into (4.19), we have

Bil* + BaP* + 1 p1S* Ba2S™
—B1I" — B P* -G5S +e+pu —p25° FEs
0 —€ W

BiRe{qie— 0}
= 270 52R6{g267m}07—0} s

0
from which we can get
Bl + B2 P + 1 BrS* B25* N\
Ey =2 =Bl — BaP* PSS +etpu —p25"
0 —€ m

BiRe{gie 00}
x | BaRe{gae 070}
0

Thus, we can determine Wao(0) and W11 () from equations (4.16) and (4.17). Furthermore, g21 can
be expressed by the parameters and delay. Thus, we can compute the following values:

) 2
1(0) = 5o (gmogns — 2Agu* - 1220 4+ 22,
0}
Re{\ (70)}’ (4.25)

72 = 2Re{c1(0)}, )
T — _ Im{c1(0)} + p2Im{A (7'0}7
woTo

which determine the qualities of bifurcating periodic solution in the center manifold at critical
value 79, i.e, a2 determine the direction of the Hopf bifurcation: if az > 0(a2 < 0), then the Hopf
bifurcation is supercritical (subcritical) and the bifurcating periodic solution exists for 7 > 7o(7 <
70); ¥2 determines the stability of the bifurcating periodic solution: the bifurcating periodic solution
is stable (unstable) if v2 < 0(y2 > 0); and T> determines period of the bifurcating periodic solution:
the period increases (decreases) if 7> > 0(< 0).

5 Numerical Investigations

Here, we choose the following parameter values: A = 2.5, 81 = 1.8, 2 = 1.3, u = 0.8, ¢ = 0.5. By
simple calculation we get Ry = 3.906, wo = 0.247, and 70 = 8.96. From Fig. 1, we see that when
7 = 8.5 < 70, the endemic equilibrium is locally stable. From Eig. 2, we see that when 7 = 15 > 19,
the endemic equilibrium is unstable.
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Fig. 1. When 7 = 8.5 < 79, E* is locally asymptotically stable.
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Fig. 2. When 7 = 15 > 719, E* is unstable.
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Conclusion

In this paper, we propose a three-dimensional Hepatitis C virus transmissions model with time
delay. Firstly, we analyze the existence and local stability of the equilibria of the system. Secondly,
the condition for the existence of a Hopf bifurcation is obtained. Thirdly, by use of normal form
theory and central manifold argument, we establish the formulae for the direction and the stability
of the Hopf bifurcation. At last, we give some numerical simulations to verify our mathematical
results.
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