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ABSTRACT 
 

An operator A is called n-normal operator if  nn AAAA    and n-quasi-normal operator if 

nn AAAAAA   . In this paper we characterize the essential isometry, essential co-isometry n-

normal and n-quasi-normal composite multiplication operator on 2L -Spaces under certain 
conditions. 
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1. INTRODUCTION  
 

Let X  be a non-empty set, C  be the field of 
complex numbers and )X(V  be a vector space 

of complex valued functions on X  under the 
point wise operations of addition and scalar 
multiplication. Let T  be a mapping of X  into X  
such that Tf   is in )X(V  whenever f  is in

)X(V . Definition of the composition 

transformation TC  on )X(V as TffCT   for 

every f  in )X(V . If )X(V has a Banach Space 

structure and TC  is bounded, then TC  is called 

the composition operator on )X(V induced by 

T. Let CX:u   be a function such that uM , 

defined as fufMu   for every f in )X(V be 

bounded linear operator on )X(V . Then the 

product uT MC  which becomes a bounded 

operator on )X(V is called a composite 

multiplication operator. 
 

Let )H(B  be the Banach algebra of all bounded 

operators on a Hilbert Space H . If ),,X(  is a 

 -finite measure space and XX:T   is a 

measurable transformation such that 

))(L(BC 2
T  ,  then in [1] R. K. Singh and D. C. 

Kumar have proved that the measure 1T ,  

defined as ))E(T()E(T 11    for every E  in 

 , is absolutely continuous with respect to the 

measure  .  Let 0f  denote the Radon-Nikodym 

derivative of 1T  with respect to   and if 

))(L(BC 2
T  , then in [1] R. K. Singh has 

proved that
0fTT MCC  . A composite 

multiplication operator is a linear transformation 

acting on a set of complex valued   

measurable functions f  of the form 
 

TfTuTfu)f(MC)f(M uTT,u  
 

 

Where u is a complex valued,   measurable 

function. In case 1u  almost everywhere, 

T,uM  becomes a composition operator, denoted 

by TC . 

 

Let X  be a non-empty set and let  be a  -

algebra on X . Let   and 1T be measures on  

 and ],0[X:f0  be a measurable function. 

Then the following are equivalent: 
 

(i) 1T is absolutely continuous with respect 

to   and 0f  is Radon-Nikodym derivative 

of 1T with respect to  . 

(ii) For every measurable function ],0[X:f  , 

the equality  
 

   dffTdf
X

0
X

1  

 

holds. 
 
In the study considered is the using conditional 
expectation of weighted composition operator on 
2L -spaces. For each ),,X(Lf p  ,  p1 , 

there exists an unique )(T 1


 -measurable 

function )f(E  such that 

 

  
A A

d)f(Egdfg  

  

for every )(T 1


 -measurable function g , for 

which the left integral exists. The function )f(E  is 

called the conditional expectation of f  with 

respect to the subalgebra )(T 1


 . As an 

operator of pL , E  is the projection onto the 
closure of range of T  and E  is the identity on 

)(Lp  , 1p   if and only if 
 )(T 1 . 

Detailed discussion of E  is found in [2,3]. 

 
1.1 Normal  
 

A  is said to be normal if )x()AA()x()AA(    

for all Hx . 
 
1.2 n-Normal  

 

A  is said to be n-normal if nn AAAA    for 
Nn . 

 
1.3 Quasi –normal 

 
A is said to be quasi - normal if   
  

A)AA()AA(A   . 
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1.4 n-Quasi –normal 
 

A is said to be n-quasi - normal if  
nn A)AA()AA(A   for Nn . 

 

2. RELATED WORK IN THE FIELD  
 
During the last thirty years several authors have 
defined )Tf(uCMW TuT,u  and have 

studied the properties of various classes of 

weighted composition operators on 2L  Spaces. 
The study of weighted composition operator was 
initiated, TfTuTfu)f(MC)f(M uTT,u    

by R.K. Singh and D. C. Kumar [1]. The concept 
of normality of bounded linear operators on a 
Hilbert Space has been generalized by different 
authors. 
 

Recently, S. A. Alzuraiqi and A. B. Patel [4], 
define an operator A  is called n-normal if 

nn AAAA    for Nn and also proved that A

is n-normal if and only if nA   is normal, that is 
nn AAAA    for Nn . O. Ahmed and M.S. 

Ahmed [5], defined an operator A which is called 

n-quasi-normal operator if nn AAAAAA    for

Nn . Anuradha Gupta and Neha Bhatia [6] 
have proved, a weighted composition operator 

)Tf(uCMW TuT,u   is n-normal and n-

quasi-normal composition and weighted 

composition operators on )(L2  . R. K. Singh, 

Kuldip Raj and Sunil K. Sharma [7,8], many 
results have been found, in the characterization 
of isometry, partial isometry, adjoint weighted 
composition operator.  

 
3. ISOMETRIC AND UNITARY OF 

COMPOSITE MULTIPLICATION 
OPERATOR  

 
Throughout the paper, by an operator we mean a 
bounded linear operator on a Hilbert space. If H  
denotes an infinite dimensional complex 
separable Hilbert Space, denote the algebra of 
all operators on H  by )H(B .  An operator A  on 

H is said to be an isometry if IAA  , co 

isometry if IAA  , partial isometry if it is an 

isometry on the orthogonal complement of the 

kernel of A and unitary if  IAAAA   . The 

characterization of isometric and co-isometric 

composition operators on )(L2   have been 

studied by R.K. Singh [9]. We characterize 
isometric, co-isometric and partial isometric 

composite multiplication operator on )(L2  . 

 

Theorem 3.1 
 

The composite multiplication operator T,uM  on 

)(L2  is an isometry if and only if 2u  is the 

inverse of 0f . 

 
Proof: 
 

Suppose T,uM is an isometry, then  

 

I)MC()MC(MM uTuTT,uT,u  

 
 

This implies that 
 

IM
0

2 fu


 
 

Hence 1fu 0
2

  almost everywhere and this 

shows that 2u  is the inverse of 0f . 

 
The converse can be proved by reversing the 
above argument. 
 

Corollary 3.2 
 

The composition operator TC  on )(L2   is an 

isometry if and only if 1f0  almost everywhere. 

 

Corollary 3.3 
 

The composition operator TC  on 2l  is an 

isometry if and only if 1)n(T 1   almost 

everywhere. 
 

Theorem 3.4 
 

The composite multiplication operator T,uM  on 

)(L2  is a co- isometry if and only if Tu2   is the 

inverse of )f(ETf0  and T,uM  is surjective. 

 

Proof: 
 

Suppose T,uM is a co-isometry. Then T,uM is 

surjective and 
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I)MC()MC(MM uTuTT,uT,u  
 

 
This implies that 
 

IM
)f(ETfTu 0

2 
   

 

Hence 1)f(ETfTu 0
2

  almost everywhere 

and this shows that Tu2   is the inverse of

)f(ETf0  . 

 
The converse of this theorem is straight forward. 
 
Corollary 3.5 
 

The composition operator TC  on )(L2   is a co- 

isometry if and only if TC  is surjective and 

1)f(ETf0   almost everywhere. 

 
Theorem 3.6 
 

The composite multiplication operator T,uM  on 

)(L2   is unitary if and only if TC has dense 

range and 1fu 0
2  almost everywhere. 

 
Theorem 3.7 
 
The composite multiplication operator T,uM  on 

)(L2   is a partial isometry if and only if  0
2fu  is 

a characteristic function. 
 
Proof: 
 
Suppose T,uM  is a partial-isometry then the 

problem of Halmos [10] is  
 

)MC()MC()MC(M uTuTuTT,u
  

 

This implies that 
 

)MC()MC()MC()MC()MC()MC( uTuTuTuTuTuT
   

 

    2
0

2
0

2 )fu(fu
MM   

 
 

Hence 0
2 fu  is a characteristic function. 

 

Conversely, suppose 0
2
fu  is a characteristic 

function, then 

]Z[L

M

)MC()MC(KerMCKerMKer

0
2

0
2

fu
2

fu

uTuTuTT,u





 

 

  ),,X(LMKer 11
2

T,u
1  ,  

 
When  

 

0
2fu1 ZXX  and 11 XE ; E  

This shows that ffMM T,uT,u  , for every f  in 

T,u
1MKer  

 
Hence T,uM is a partial isometry. 

 
Corollary 3.8 
 

If )(Lu   be such that 0u  almost everywhere 

then T,uM is a partial isometry if and only if 

1TfTu 0
2    almost everywhere. 

 
Proof: 
 
Suppose T,uM  is a partial-isometry, then 

 

 )MC()MC()MC(M uTuTuTT,u
  

 
0

2fuuTuT MMCMC 
 

 
This implies that  
 

       TTfTuTuTTu CMCM
0

2  
 . 

 

Hence by theorem 1TfTu 0
2    almost 

everywhere. 
 
Then the converse is straight forward. 
 
3.1 Example: 
 
Let ),0[X   and  be a Lebesgue measure on 

it .Define XX:T   as Xa,ax)x(T   and 

Define CX:u   as 

  










),a[xif1

)a,0[xif2
)x(u  
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Then ))(L(BM 2
T,u   and T,uM  is a partial 

isometry. 
 

3.1 Definition 
 

An operator A  on H  is said to be essential 

isometry if IAA   is compact and essential co -

isometry if IAA  is compact. 

 

The following theorems give the 
characterizations of essential isometric and 
essential co-isometric composite multiplication 

operators on )(L2   of a non-atomic measure 

space. 
 
Theorem 3.9 
 
The composite multiplication operator T,uM on 

)(L2   is an essential isometry if and only if 

T,uM  is a partial isometry. 

 
Proof: 
 
Suppose T,uM  is an essential isometry, then

I)MC()MC(IMM uTuTT,uT,u    is compact. 

 
This implies that 

1fu 0
2M


 is compact and hence 01fu 0

2   

almost everywhere. 
 

This proves that 1fu 0
2   almost everywhere. 

 
Thus T,uM  is an isometry. 

 
The converse is obvious. 
 
Theorem 3.10 
 
The composite multiplication operator T,uM on 

)(L2  is an essential co-isometry if and only if 

T,uM is a co- isometry. 

 
Proof: 
 
Suppose T,uM is an essential co- isometry, then

I)MC()MC(IMM uTuTT,uT,u    is compact.  

 

This implies that 
 





















)M(KeronI

MranonM

I)MC()MC(

T,u

T,u1)f(ETfTu

uTuT

0
2   

 

Since T,uMran  and )M(Ker T,u  are invariant 

under 
1)f(ETfTu 0

2M
 

and I  respectively, 

 

1)f(ETfTu 0
2M

 
 and I are compact. 

 

Since   is non-atomic 0)M(Ker T,u   and so 

T,uM has dense range, 

1)f(ETfTu 0
2

   almost everywhere. 

 

This proves that IMM T,uT,u   and thus T,uM  

is a co-isometry. 
 

The converse is straight forward. 
 
Theorem 3.11 
 

The composite multiplication operator T,uM on 

)(L2   is an essential unitary if and only if it is 

unitary. 
 

Proof: 
 
The operator T,uM is an essential unitary if and 

only if it is essential isometry and essential co-
isometry. 
 

Hence the results follow from the above theorem. 
 

4. NORMAL AND QUASI-NORMAL 
COMPOSITE MULTIPLICATION 
OPERATOR 

 

Now we give a characterization of normal and 
quasi-normal composite multiplication operator. 
 

Theorem 4.1 
 

Let the composite multiplication operator T,uM

on )(L2  , then for 0u  , T,uM is normal if and 

only if ffu)f(ETfTu 0
2

0
2   . 
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Proof: 
 
Suppose T,uM is normal, then 

 
Since TfTuT)fu(fMCfM uTT,u   , 

The adjoint T,uM  of T,uM  is given by 

1
0T,u T)f(EfufM                             

 

ffu

T)Tfu(Efu)Tfu(MfMM)i(

0
2

1
0T,uT,uT,u



  
 

)f(ETfTuT)T)f(Efu(

)T)f(Efu(MfMM)ii(

0
21

0
2

1
0T,uT,uT,u











  

 ffu)f(ETfTu 0
2

0
2   . 

 
Corollary 4.2 
 
The composite multiplication operator T,uM on 

)(L2  . The following statements are equivalent: 

 
(i) T,uM   is normal operator. 

(ii) T,uM  is normal operator. 

(iii) ffu)f(ETfTu 0
2

0
2   . 

 
Corollary 4.3 
 

The composition operator TC  on )(L2  is 

normal if and only if ff)f(ETf 00  . 

 
Proof: 
 
The proof is obtained from theorem 4.1 by 
putting 1u  . 
 
Theorem 4.4 
 
Let the composite multiplication operator T,uM

on )(L2  . Then T,uM  is quasi-normal if and 

only if TffTuuTfTfTu 0
2

0
3   . 

 
Proof: 
Suppose T,uM is quasi-normal, then 

 

TfTfTu

)ffu(Mf)MM(M

0
3

0
2

T,uT,uT,uT,u

 



                   

TffTuu

)Tuf()MM(fM)MM(

0
2

T,uT,uT,uT,uT,u







 

 

 

Hence TffTuuTfTfTu 0
2

0
3   . 

 
Corollary 4.5 
 

The composition operator TC  on )(L2   is 

quasi-normal if and only if TffTfTf 00   . 

 
Proof: 
 
The proof is obtained from theorem 4.4 by 
putting 1u  . 
 
Theorem 4.6 
 
Let the composite multiplication operator T,uM

on )(L2  . Then the adjoint T,uM of T,uM is 

quasi-normal if and only if 
12

0
31

0
2

0 T)f(EfuT)ffu(Efu    . 

 

Proof: 
 

Suppose T,uM  is quasi-normal.  Then 

 
1

0
2

0T,uT,uT,u T)ffu(Efuf)MM(M     

                         
12

0
3

T,uT,uT,u T)f(EfufM)MM(     

 

Hence 12
0

31
0

2
0 T)f(EfuT)ffu(Efu    . 

 
4.1 Example 
 

Let ]1,0[X   and the Lebesgue measure   on 

the Lebesgue measurable subsets. The 
transformation XX:T    is given by 

)x1(x2)x(T   and x2)x(u   for every Xx .  

Then direct computation shows that 

)x(
x212

1
)x(f

2

1
,0

0










  and for each 

)(Lf 2   

                         

)x(])x1(f)x(f[
2

1
)x()f(E

2

1
,0 
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)x(])x1(f)x(f[
2

1

)x1(x41

)x2x2(2

)f(ETfTu

2

1
,0

22

0
2














 

 

                           

)x()x(f
x212

x4
ffu

2

1
,0

2

0
2











  

 

Then ))(L(BM 2
T,u   and T,uM is not normal. 

 

5. n-NORMAL AND n-QUASI-NORMAL 
COMPOSITE MULTIPLICATION 
OPERATOR 

 

Alzuraiqi and Patel [4] have proved that, the 

operators A  on H  is n - normal if and only if nA  

is normal that is nn AAAA
nn     for Nn . O. 

Ahmed and M.S. Ahmed [5] have proved that, 
the operator A  is called n -quasi-normal 

operator if nn AAAAAA    for Nn . In an 

analogous manner, we derive characterize the n
- normal and n -quasi-normal composite 

multiplication operator on 2L -Spaces. 
 

Theorem 5.1 
 

Let the composite multiplication operators T,uM

on )(L2  . Then T,uM is n -normal if and only if

fT)u(ET)fu(Efu

)f(ET]fu[ETfTuu

n
n

)1n(
00

1n
0

n
0

n
n












 

 

Proof: 
 

Suppose T,uM  is n -normal, then 

 

]T)f(ET)fu(Efu[M

fMM

n)1n(
00T,u

n

T,uT,u
n n





 

 

)f(ET]fu[ETfTuu 1n
0

n
0

n
n     

fT)u(ET)fu(Efu

]Tfu[MfMM

n
n

)1n(
00

n
nT,uT,u

n
T,u

nn












 

 

Where n2
n Tu.......TuTuu    

 

)1n(
0

2
0

1
0

)1n(
0

T)fu(E....T)fu(ET)fu(E

T)fu(E





 


 

1n
0

2
0

1
0

1n
0

T)fu(E....T)fu(ET)fu(E

T)fu(E





 


 

 
Hence 
 

fT)u(ET)fu(Efu

)f(ET]fu[ETfTuu

n
n

)1n(
00

1n
0

n
0

n
n












. 

 
Corollary 5.2 
 
The composite multiplication operator T,uM  on 

)(L2  . The following statements are equivalent: 

 
 (i)  T,uM  is n -normal operator. 

 (ii) T,uM  is n -normal operator. 

fT)u(ET)fu(Efu

)f(ET]fu[ETfTuu)iii(

n
n

)1n(
00

1n
0

n
0

n
n












 

 
Corollary 5.3 
 

The composition operator n
TC  on )(L2  is n  -

normal if and only if   
 

fT)f(Ef)f(ET)f(ETf )1n(
00

1n
0

n
0

    

 
Proof: 
 
The proof is obtained from theorem 5.1 by 
putting 1u  . 
 
Theorem 5.4 
 
Let the composite multiplication operator T,uM

on )(L2  . Then T,uM  is n -quasi-normal if and 

only if n
0

2
n

nn
0

n2
n TffuuTfTfTuu   . 

 

Proof: 
 

Suppose T,uM is n -quasi-normal. Then 

 

nn
0

n2
n

0
2

T,u
n

T,uT,uT,u
n

TfTfTuu

)ffu(MfMMM

 



 
 

n
0

2
n

n
nT,uT,uT,u

n
T,uT,u

Tffuu

)Tfu(MMfMMM
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Where, n2
n Tu.......TuTuu    

Hence  
 

n
0

2
n

nn
0

n2
n TffuuTfTfTuu   . 

 

Corollary 5.5 
 

The composition operator n
TC  on )(L2  is n -

quasi-normal if and only if 
 

   n
0

nn
0 TffTfTf    

 
Proof: 
 

The proof is obtained from theorem 5.4 by 
putting 1u  . 
 
Theorem 5.6 
 

Let the composite multiplication operator T,uM

on )(L2  . Then the adjoint T,uM of T,uM is n -

quasi-normal if and only if  
 

n)1n(
0

2
0

3

n
0

2)1n(
00

T)f(ET)fu(Efu

T)ffu(ET)fu(Efu












. 

 
Proof: 
 

Suppose T,uM is n -quasi-normal, then 

 

n
0

2)1n(
00

0
2

T,u
n

T,uT,uT,u
n

T)ffu(ET)fu(Efu

)ffu(MfMMM










 

 

)T)f(ET)fu(Efu(MM

fMMM

n)1n(
00T,uT,u

T,u
n

T,uT,u





 
 

 
n)1n(

0
2

0
3 T)f(ET)fu(Efu     

 

Where  
 

)1n(
0

2
0

1
0

)1n(
0

T)fu(E....T)fu(ET)fu(E

T)fu(E





 



 
 

 
1n

0
2

0
1

0

1n
0

T)fu(E....T)fu(ET)fu(E

T)fu(E





 


 

 

Hence 
 

  
n)1n(

0
2

0
3

n
0

2)1n(
00

T)f(ET)fu(Efu

T)ffu(ET)fu(Efu












 

 
Corollary 5.7 
 

The composition operator 
n

TC   on )(L2   is n  -

quasi-normal if and only if  
 

n)1n(
0

2
0

n
0

)1n(
00

T)f(ET)f(Ef

T)ff(ET)f(Ef












 

 
Proof: 
 
The proof is obtained from theorem 5.6 by 
putting 1u  . 
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