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ABSTRACT

An operator A is called n-normal operator if A®A* =A*A™ and n-quasi-normal operator if
A" A*A=A"AA"™. In this paper we characterize the essential isometry, essential co-isometry n-

normal and n-quasi-normal composite multiplication operator on it -Spaces under certain
conditions.
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1. INTRODUCTION

Let X be a non-empty set, C be the field of
complex numbers and V(X) be a vector space

of complex valued functions on X under the
point wise operations of addition and scalar
multiplication. Let T be a mapping of X into X
such that foT is in V(X) whenever f is in

V(X) Definition of the composition
transformation Ct on V(X)as Cpf=foT for
every f in V(X). If Vv(X)has a Banach Space
structure and Ct is bounded, then Ct is called
the composition operator on V (X) induced by
T. Let u:X — C be a function such that M, ,
defined as M, f=u-f for every f in V(X) be
bounded linear operator on V(X). Then the
product CtM, which becomes a bounded
operator on V(X) is called a composite
multiplication operator.

Let B(H) be the Banach algebra of all bounded
operators on a Hilbert Space H. If (X,> ,u)is a
o -finite measure space and T:X—>X is a
measurable transformation such that

Cr eB(LZ(u)), then in [1] R. K. Singh and D. C.
Kumar have proved that the measure uT_l,
defined as prl(E):p(Tfl(E)) for every E in
>, is absolutely continuous with respect to the
measure u . Let f, denote the Radon-Nikodym
derivative of prl with respect to p and if
Cr eB(L*(w) , then in [1] R. K. Singh has
proved that Ct*Cr =Mg, . A composite
multiplication operator is a linear transformation
acting on a set of complex valued 32
measurable functions f of the form

My 1(f)=CtMy(f)=ufoT=uoT foT

Where uis a complex valued, >, measurable
function. almost everywhere,
M, T becomes a composition operator, denoted

by CT'

In case u=1

Let X be a non-empty set and let > be a o-

algebraon X. Let p and prl be measures on
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>, and f:X—[0,00] be a measurable function.
Then the following are equivalent:

(i) pT_l is absolutely continuous with respect
to p and f is Radon-Nikodym derivative

of pT_] with respect to p.
(i) For every measurable function f:X —[0,],
the equality

[£duT™ =] fyfdp
X X

holds.

In the study considered is the using conditional
expectation of weighted composition operator on

L% -spaces. For each felP(X,Y ,u), 1<p<w,

there exists an unique T*I(Z ) -measurable
function E(f) such that

Jgfdu= | gE(f)dn
A A

for every Tfl(z ) -measurable function g, for
which the left integral exists. The function E(f) is
called the conditional expectation of f with
respect to the subalgebra T_I(Z) . As an

operator of I, E is the projection onto the
closure of range of T and E is the identity on

LP(w) , p>1 if and only if T\ )=X
Detailed discussion of E is found in [2,3].

1.1 Normal

A is said to be normal if (AA™)(x)=(AA)(x)
forall xeH.

1.2 n-Normal

A is said to be n-normal if ATA¥=AA" for
neN.

1.3 Quasi —normal

A'is said to be quasi - normal if

AATA)=(ATA)A.



1.4 n-Quasi —normal

Ais said to be n-quasi - normal if
A" (A*A)=(A"A)A"for neN.

2. RELATED WORK IN THE FIELD

During the last thirty years several authors have
defined W, 7=M;Cr=u(feT) and have
studied the properties of various classes of
weighted composition operators on 12 Spaces.
The study of weighted composition operator was
initiated, My T(f)=Ct My (f)=ufeT=uoT foT
by R.K. Singh and D. C. Kumar [1]. The concept
of normality of bounded linear operators on a

Hilbert Space has been generalized by different
authors.

Recently, S. A. Alzuraigi and A. B. Patel [4],
define an operator A is called n-normal if

A"A¥ =A*A" for ne Nand also proved that A
is n-normal if and only if A™ is normal, that is

APA* =A*A™ forneN . O. Ahmed and M.S.

Ahmed [5], defined an operator A which is called
n-quasi-normal operator if ATA¥A =A"AA" for
ne N . Anuradha Gupta and Neha Bhatia [6]
have proved, a weighted composition operator
Wur=MCr=u(feT) is n-normal and n-
quasi-normal and

composition weighted

composition operators on Lz(p). R. K. Singh,

Kuldip Raj and Sunil K. Sharma [7,8], many
results have been found, in the characterization
of isometry, partial isometry, adjoint weighted
composition operator.

3. ISOMETRIC AND UNITARY OF
COMPOSITE MULTIPLICATION
OPERATOR

Throughout the paper, by an operator we mean a
bounded linear operator on a Hilbert space. If H
denotes an infinite dimensional complex
separable Hilbert Space, denote the algebra of
all operators on H by B(H). An operator A on

H is said to be an isometry if A*A:I, co
isometry if AA™ =1, partial isometry if it is an
isometry on the orthogonal complement of the
kernel of Aand unitary if A*A=AA"=1. The
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characterization of isometric and co-isometric

composition operators on L2(|,L) have been

studied by R.K. Singh [9]. We characterize
isometric, co-isometric and partial isometric

composite multiplication operator on Lz(p.) .

Theorem 3.1
The composite multiplication operator My T on

Lz(u) is an isometry if and only if u? is the
inverse of f,.

Proof:

Suppose M, Tis an isometry, then

M* 0T My =(CTMy)" (CTM,) =1

This implies that

M2 =1

U2f0 =1

2

Hence almost everywhere and this

shows that u” is the inverse of fj.

The converse can be proved by reversing the
above argument.

Corollary 3.2

The composition operator Ct on Lz(u) is an
isometry if and only if fy =1almost everywhere.

Corollary 3.3

The composition operator Ct on 2 is an

isometry if and only if qul(n):l almost
everywhere.

Theorem 3.4

The composite multiplication operator My T on
L? (w) is a co- isometry if and only if u?oT is the
inverse of fyoT-E(f)and M, T is surjective.
Proof:

Suppose My T is a co-isometry. Then M, ris
surjective and



Myt My1™ =(CTMy) (CTM)" =1
This implies that
M2, fgoT - E(f) =1

Hence uon-fooT~E(f)=1 almost everywhere

and this shows that uon is the inverse of
fooT -E(f).

The converse of this theorem is straight forward.

Corollary 3.5

The composition operator Ct on Lz(p) is a co-
isometry if and only if Cp is surjective and
foo T -E(f) =1 almost everywhere.

Theorem 3.6
The composite multiplication operator M, T on

L2(|,L) is unitary if and only if Ct has dense

range and u? fo =1almost everywhere.

Theorem 3.7

The composite multiplication operator M T on

L2(|,L) is a partial isometry if and only if u2f0 is
a characteristic function.

Proof:

Suppose M, T is a partial-isometry then the
problem of Halmos [10] is

My, =(CTMy)(CTMy)" (CTMy)
This implies that
(CTMy)" (CTMy) =(CTMy)* (CTMy) (CTM)" (CrMy)

=M
fo  (u?fy)?

M
w2
Hence u? fy is a characteristic function.

Conversely, suppose u2f0 is a characteristic
function, then
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Ker My 1 = Ker Ct My = Ker (CTM )" (CTMy,)

= Mu2 fO

_12
=L [Zuzfo]
1 _12
Ker M U,T =L (Xlaz 1> H’)’
When
X4 :X_Zuzf and Y1 =EnX[;Ee}
0
This shows that M*y T M, 1f=f, for every f in
Keeru,T
Hence M, tis a partial isometry.

Corollary 3.8

Ifue L™ (u) be such that u = 0 almost everywhere
then M, ris a partial isometry if and only if

u?oT- fo oT =1 almost everywhere.

Proof:

Suppose M, T is a partial-isometry, then
My, 1 =(CTMy)(CTMy)" (CTMy)
CtM, = CTM, Mu2f0

This implies that

Myt Ct =M Cr-

uoT - u?oT - fyoT

Hence by theorem u?oT- fooT=1 almost
everywhere.
Then the converse is straight forward.

3.1 Example:

Let X =[0,) and pbe a Lebesgue measure on
it .Define T:X—»>X as T(x)=x+a,aeX and
Define u:X—>C as

|2 if xe[0.,a)
M=V i xefa o)



Then Mu;[eB(Lz(p)) and M, 1 is a partial
isometry.

3.1 Definition

An operator A on H is said to be essential
isometry if A*A-Tis compact and essential co -
isometry if AA™ —Iis compact.

The following theorems give the
characterizations of essential isometric and
essential co-isometric composite multiplication

operators on L2(|,L) of a non-atomic measure
space.

Theorem 3.9

The composite multiplication operator My 1 on

Lz(u) is an essential isometry if and only if
My 1 is a partial isometry.

Proof:
Suppose M, 1 is an essential isometry, then

M*uT My 1 -1=(CTMy)* (CTM,)-1 is compact.

This implies that

M o, is compact and hence u?fy-1=0
u 0—

almost everywhere.

This proves that u fo =1 almost everywhere.
Thus M, T is an isometry.

The converse is obvious.

Theorem 3.10

The composite multiplication operator My 1 on

L2(|,t) is an essential co-isometry if and only if
M, Tis a co- isometry.

Proof:

Suppose M, Tis an essential co- isometry, then

My My T -1=(CTM,)(CTM,) *~1 is compact.
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This implies that

(CTMy) (CTM )" -1

Muon-fOOT-E(f)fl on ranMy T

-1 on Ker (My )"

Since ranM, 1 and Ker(Mu,T)* are invariant

under M »

W2aT - fooT- E(F)-1 and 1 respectively,

Mu20T~f00T~E(f)—1 and Iare compact.

Since p is non-atomic Ker(MuﬂT)* =0 and so

Mu,T has dense range,

w?eT- fo o T- E(f) =1 almost everywhere.

This proves that M, r M*y,T =1 and thus M 1
is a co-isometry.

The converse is straight forward.

Theorem 3.11

The composite multiplication operator My 1 on

Lz(u) is an essential unitary if and only if it is
unitary.

Proof:

The operator M, tis an essential unitary if and

only if it is essential isometry and essential co-
isometry.

Hence the results follow from the above theorem.

4. NORMAL AND QUASI-NORMAL
COMPOSITE MULTIPLICATION
OPERATOR

Now we give a characterization of normal and
quasi-normal composite multiplication operator.

Theorem 4.1
Let the composite multiplication operator My 1
on Lz(p.), then for u>0, M is normal if and

onlyif uZoT-fyoT-E(f)=u’fy f.



Proof:

Suppose M, ris normal, then

SinceM, Tf=CtMy f=(uf)eT=uoT: foT,
The adjoint M*, T of My T is given by

M*uT f=ufy -E(f)oT !

()M 0T My 7f =M"yT(ufoT)=ufy-EQufoT)o T"!
=u’fy f
(if) My, T M0, f =My r(ufo-E(f)eT™)
= (W2y-E(f)o T HoT =u? o T fyo T- E(f)
o u?oT - fyoT - E(f)=u’fy f.

Corollary 4.2
The composite multiplication operator My 1 on

L2(|,L) . The following statements are equivalent:

(i) My, T is normal operator.
(ii) M*u,T is normal operator.
(iii) u2oT - fyoT-E(f)=u’fy f.

Corollary 4.3

The composition operator Ct on L? () is
normal if and only if fyoT - E(f)=1f, f.

Proof:

The proof is obtained from theorem 4.1 by
puttingu=1.

Theorem 4.4
Let the composite multiplication operator My 1

on Lz(u). Then M, 1 is quasi-normal if and

only if uoT-fyoT-foT=u?-uoT fy-foT.

Proof:
Suppose M, Tis quasi-normal, then

My (M*u,T My m)f =My ( quO f)

=uloT-fooT- foT
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(M, T My 1) My f=(M"0T My 1) (ufeT)

=u? uoT- fo-foT
Hence uoT - fyoT-foT=u’-uoT fy-foT.
Corollary 4.5

The composition operator Ct on L? (n) is
quasi-normal if and only if fgoT-foeT=fy-foT.

Proof:

The proof is obtained from theorem 4.4 by
puttingu=1.

Theorem 4.6

Let the composite multiplication operator My, 1

on Lz(p). Then the adjoint M*u,T of Myt is
quasi-normal if and

ufy -E@ufof)oe T =ud o2 - E(f)oT L.

only if

Proof:

Suppose M*u,T is quasi-normal. Then
* * _ 2 _l
My, T (M 0, T My 1)f =ufy-E(u-fof)oT
(M*0, T My 1) M1 £ =u’fo2 - E(f)oT7!

Hence ufy-Eu’fyf)o T ' =u?fy2 -E(f)oT!.

4.1 Example

Let X =[0,1] and the Lebesgue measure p on

the Lebesgue measurable subsets. The

transformation T:X - X is given by

T(x)=2x(1-x) and u(x)=2x foreveryxeX.

Then direct computation shows that
1

fo(X) =————1 (x) and for each

Oy fio2x [Oﬂ

fel?(

E(f)(x)= %[f(X)+f(1 _X)]X[o 1} ()
2



u?oT- fyoT- E(f)
C2(2x-2x%)?% |

—[f f(-
m 2[ (X)+ ( X)]X|:0,%:| (X)

2
2popo XD
u 0 2m (X)X[O,;}(X)

Then My 1 eB(Lz(u)) and My tis not normal.

5. n-NORMAL AND
COMPOSITE
OPERATOR

n-QUASI-NORMAL
MULTIPLICATION

Alzuraigi and Patel [4] have proved that, the
operators A on H is n- normal if and only if A"

n n
is normal that is A" A* =A" A" forneN. O.

Ahmed and M.S. Ahmed [5] have proved that,
the operator A is called n -quasi-normal

operator if A"A*A=A"AA" for neN. In an

analogous manner, we derive characterize the n
- normal and n -quasi-normal composite

multiplication operator on 12 -Spaces.

Theorem 5.1

Let the composite multiplication operators M, T
on L2(|,t). Then M, Tis n-normal if and only if
Uy - uoT™ fooT™ - E[ufyleT™ - E(f)

=ufy- Eufy)eT V. E@,)oT™ £

Proof:

Suppose My, T is n-normal, then

Mnu,T M*nu,T f
=M"uT [ufy-E@ufy)eT ™D .Ef)eT™]
=uy uoT™ fooT E[ufylo T - E(f)

*

n n
M* o MM f=M" T [up-foT"]

=ufy-Eufy)eT V. E@,)eT™ f
Where unzuoT'uoT2 ....... uoT"

E(ufy)oT (D
=E(ufg)eT - E(ufg)eT2...E(ufg)oT ™D
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E(ufg)oT"!
=E(ufy)eT' “E(ufg)oT2...E(ufg)oT"!

Hence
Uy uoT™ fooT™  E[ufy]oT™ - E(f)
—ufy - E(ufg)eT" @D . Equ)oT™
Corollary 5.2
The composite multiplication operator M T on
Lz(u) . The following statements are equivalent:

() My, is n-normal operator.

(i) M™y,T is n-normal operator.
(ifi) up - uoT™ - fo o T - E[ufy]oT™ ! - E(f)
=ufy- E(uf)oT ™D . Ey)eT™ f

Corollary 5.3

The composition operator Ct" on Lz(u) is n -
normal if and only if

foo T E(fg)o T" ' E(f)=fy- E(fy)o T ™V £
Proof:

The proof is obtained from theorem 5.1 by
puttingu=1.

Theorem 5.4

Let the composite multiplication operator My, 1
on Lz(p). Then My T is n-quasi-normal if and
only if uy-u?oT" foT™-foT =uy -u?fy-foT".
Proof:

Suppose My Tis n-quasi-normal. Then

My T M*T Myt £=M"yT (u? £ f)

=up uZoT" fpoT foT"

M*U,T My, M™y f :M*u,T My (up foT™)

=up ~u2f0 foT"



Where, unzuoT-uoT2 ....... uoT"
Hence

Up uZ o T fyo T - FoT™ =uy, -ufy-foT".
Corollary 5.5

The composition operator Ct" on Lz(u) is n-
quasi-normal if and only if

fgoT™ -foT™ =fy -foT"

Proof:

The proof is obtained from theorem 5.4 by
puttingu=1.

Theorem 5.6

Let the composite multiplication operator My T

on L?(u). Then the adjoint M*, T of M, ris n-
quasi-normal if and only if

ufg E(ufg)oT ™ .Ew@?fyf)oT™
=u? £y2 Eufy)e T ™V B(f)oT™

Proof:

Suppose M*u,Tis n -quasi-normal, then

n n
M* u,T M*u,T Mu,T f=M" u,T (u2 fo f)
=ufy - Efy)oT ™D . Ew?fyf)oT™

* *n
M u,T Mu,T M u,T f

=M*y,T My 1(ufg -Efg)e T " VEF).T™)
=udfy? Eufy)o T ™D .Ef)oT™

Where
E(ufg)oT (™D

=E(ufg)eT 1 -E(ufy)eT 2. E(ufy)oT ("D

E(ufg)oT"!
=E(ufy)eT! -E(ufg)oT2...E(ufg)oT"!
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Hence

ufg -Efy)eT ™ .Ew?fyf)oT™
=ud fy2 -E@ufy)oT D .Ef)oT™

Corollary 5.7

The composition operator CT*n on Lz(u) isn -
quasi-normal if and only if

fo B (fg)oT ™D .E(fy f)oT™
=fo2 E(fg)e T ™V . E(f)oT™
Proof:

The proof is obtained from theorem 5.6 by
puttingu=1.
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