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Abstract

We transfer a classical result of Tumarkin, about approximation of L? (da, R) functions with certain rational
functions, in distributional setting. This is achieved by embedding the functions from classical spaces into the
space of tempered distributions.
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1 Introduction

This section is devoted to known notions and results in the literature that we use in the article. Let z;, j € N, be a
sequence of complex numbers from IT* = {z € C|Imz > 0}. In addition, let the following condition

© Vi
j=1ﬁ < oo, where Vi = Im{zj}, W

is satisfied. The holomorphic function on 77" defined with
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where ©,,(2) =
Zj,j € N.

g , for arbitrary w € IT, is called Blaschke product on the upper half space with zeroes in

z
zZ—

For the definition of the desired rational functions, again one considers finite or infinite sequences of complex
numbers with imaginary part not equal to 1, moreover such that some of the elements of the sequence may be
the same and some of them may be oo (in the last case we impose its’ imaginary part to be 0). For that kind of
sequence, denoted again with (zj)jeN , consider the rational functions

cozP+c1zP 7 44 cp

(z-21)(z-23)..(z—2)) ’

Ri(z) = z €11, 3)

with poles some of the complex numbers of (Zj)jeN’ and ¢; € C,j € N, is another sequence. Additionally, in
order equation (3) to make sense in the case when some of the elements of the sequence equal «, one use the
convention: if z;, = oo, then one sets z — z;, = 1 in (3).

Denote by z;', j € N, all of the elements from (zj)]_EN such that Im z; > 0, and respectively zj”,j E N, the
elements from (z,-)],EN such that Im z; < 0. One associate the following sums for the previously defined couple
of sequences

Imz; -Imz;

Si< = Z?ﬂ—,]z and Sl! = Z§=1 12
1+]z] 1+]z]]

On these sequences we impose the conditions

ll(l_msl; < o, IimS;, = . 4)

k-0

Denote by By the Blaschke product with zeros , z,,z,, ... z, from the sequence numbers (Zf)jezv fork e N. If

the condition (4) is satisfied, then the function limy._,, log|By(z)| is a subharmonic function on the upper
half space and not equal to -co. If u(z) = limy_q log|By(z)| and u(z) is harmonic majorant of u(z) on
upper half space one consider another function  ¢(z) = e"@*V(®@ where v(z) stands for the harmonic
conjugate of u(z).

2 Known Results

The previous section is actually preparation for the classical results that follow. We state them without proof.
We use the notation introduced in previous section.

Theorem 1. [4] We assume that condition (4) is satisfied. For an arbitrary continuous function F on R there
exist a sequence (R]-)],EN of rational functions given in (3) which converges to F, uniformly on R if and only if F

coincides on R with the boundary value of the holomorphic function F on IT* given with
Fz) =22 et )
B(2)¢(z) ’ ’

v is any bounded analytic function on IT*.
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Let o be a nondecreasing function of bounded variation on R. The space LP(do,R),p > 0 denotes the space

of set of all complex valued functions F, such that fR |[F(x)|Pdo(x) < «. Here o stands for a nondecreasing,
function of bounded variation on R (note that the integral is Lebesque —Stiltjes integral).

In order to formulate the next result, one needs to impose another condition concerning the growth of ¢. Indeed
one needs

log o (x) . 6)

1+x2

—o0 < fR

Finally we are able to formulate the main result which we transfer in tempered distribution setting. We state the
classical result again without proof. The notation is the same as in the previous section [6].

Theorem 2. We assume that conditions (4) and (6) are fulfilled and let F € LP(da, R),p > 0. Then there exist a
sequence (Rj)jEN of rational functions given in the form (3) such that

limj,,. [ [F&) —R]-(x)|pd<s(x) =0 if and only if the function F coincide with the boundary value of a

holomorphic function F on IT* , almost everywhere on R, where F is given in form (5). The functions B and ¢
are as in Theorem 1, v is analytic function on the upper half space and in N*.

Distributions. The S = S(R") is the space of infinitely differentiable complex valued function ¢ on R™ which
satisfy the conditions ~ supiegn |[tPD%o(t)| < oo

for every a = (ay, ..., an), B = (By, o, Bn), @i, Bi € Ny, i = 1,2 ...n. The space S = S(R™) is a Frechetsp spase
which implies that the convergence can be considered in the following way: @, — @, , where ¢, €S ,in §
asA — A ifand only if

limy,_,, supegn [t*DE[o, () — o(®)]| = 0
forevery a = (ay, ..., an), B = (By, -, Bn), @i, Bi € No, i = 1,2 ...n.
The space S'(R™) is the space of all continuous, liear functionals on S(R™).
The space S'(R™) s called the space of tempered distributions. Unless stated differently, it is imposed that the
space S'(R™) is endowed with the strong topology. Also, we use the following standard conventions about
distributions: (T, ¢) = T(¢) for the value of the functional Tacting on the function ¢, and standard embedding of

locally inegrable functions: for f(x) € Li,.(R™) one can define the linear and continuous functional Ty
on S(R™) with

(Tf' (P> = fRn f(t)(P(t) dt, (PCS

By the definition, T € S'(R™) and that distribution is called tempered (regular) associated to the function f.
Now we state the main result of the article.

Theorem 3. Let (Zf)jezv is a sequence of complex numbers which satisfy (4) and F be of the form (5) from
Theorem 2. Denote with Tg, F € LP(R), the tempered distribution in associated with the boundary value F(x)
of F(z) on II*.

Then there exists a sequence, (Rj)jEN of rational functions of the form (3) and, respectively, a sequence

(TR.). ,Tr, € S' generated by R;, satisfying
] jEN ]
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(l) TR] g TF! ] — 00, in S’

(ii) @ffwm(x)mp(xn dx < oo, for all @eS.

Proof.

(i) The general idea is to prove the convergence in S’ in weak sense and to use Banach Steinhaus theorem to
obtain the strong convergence (note that the space S is Montel space) [5].

We start with applying Theorem 2. For the function F one obtains a sequence (Rj)jeN of rational functions of
the form (3) for which the following holds

limy_,,, [, |F(x) — R; (x)|p dx = 0.
Triangle inequality implies

||R]-||Lp(d6) = (J, |R;(0)| do(x) )P =( Ji IRe(®) = F(x) + F(x)[|Pdo(x) )P

< (J, IR, - F&)Pdo() ) + (, F)IPdo() ¥ < C,
hence R;(x) € LP(do, R).

Now choose arbitrary €S and fix it. We denote with g the Holder conjugate of p, i.e.

We can estimate as follows

|5, f0000dx| < [, I10pCadx] < (f, 160 1P )P (f 119 )1,
for arbitrary function f € L?, ¢ € S.

Using the previous estimate one obtains
|(Tey0) = (Tr, 03| = |7, RO 0(x)dx — [, FGIp()dx]

= |7 [Rj(x) — F)]e()dx| < [ R} () — F(x)|p(x)]dx
< (Ji IRjGo = Fea|” )’ (J loGol” ax)’

1
p 2
<M ([, IR —F| dx)" >0,
when j — oo
In the previous calculations we used M = sup{|<p(x)||x € R} which is obviously finite since the inclusion

S < L% is continuous and dense for arbitrary 1 < g < . The discussion on the start of the proof implies the
claim or Tr; = Tp, j = 0in S' in the strong topology.
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(if) Let @eS be arbitrary and fixed. The Minkowski inequality implies

1

(S IR = F() + F()[Pdx )P

TR

(e |R1(X)|pcp(x)dx)B <M

1

(fR IR;(x) — F(x)|pdx) + Mp (fR IF(X)Ipdx)B =1 +1,

TR

<M

1
The integral I; tends to 0 when j — oo which implies that fR |R]- (X)|p(p(x)dx < M(’;||F||p + C, for arbitrary j €
N. The latter implies (ii).

3 Conclusion

We were able to consider (tempered) distribution variant of Tumarkin result concerning approximation with
rational functions. We embed L? functions continuously into S"in a natural way and consider analog result, but
now for their representation in S
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