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Abstract

In this paper, system of equations for ion sound and Langmuir waves (ISLWs) is studied to construct novel
exact solutions of the coupled nonlinear system. The extended F-expansion method is applied to get exact
solutions of ISLWs model. These solutions include many different expressions in hyperbolic, trigonometric,
rational and Jacobi elliptic function solutions, dark and bright solitary wave solutions. Geometrical shape for
some of the obtained results are plotted under the selection of proper parameters. Furthermore, we employed
the Lie point symmetry to investigate the conservation laws for the system.

Keywords: ITon sound and Langmuir waves; Jacobi elliptic function; exact solutions.

PACS numbers: 04.20.Jb, 02.30.Jr, 05.45.Yv.

1 Introduction

Many physical phenomena that arising in various fields of science can be described by nonlinear evolution
equations (NLEEs) for instance optics, plasma wave, solid state physics, chemical physics, and mathematical
physics. To understand these nonlinear phenomena, many physicist and mathemati-cians have made efforts to
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get various exact solutions of them. The investigation of the exact solutions of NLEEs are important to provide
better information, know the mechanism and their applications. With the aid of symbolic computation software
such as Mathematica or Maple abundant methods are extensively studied to obtain exact solutions, for example
the Backlund transform [1, 2], the extended tanh-function method [3], the F-expansion method [4], sine-cosine
method [5], the extended F-expansion method [6], Jacobi elliptic function method [7], the Kudryashov method
[8], the extended Kudryashov method [9, 10], the lie point symmetry method [11]- [13] and other methods
[14]-[17]. The dynamical behavior for a famous class of NLEEs is presented in [18]. Two-step modified natural
decomposition method is proposed to determine the approximate closed form solutions or rather exact solutions
for the nonlinear Klein- Gordon equation [19].

In this study, we construct several kinds of exact solutions of the ISLWs model by applying the extended
F-expansion method. The ISLWs model [20]-[26] has the form as:

iEi+ 3 Exe —nE =0,

. (1.1)
Net — Npx — 2 (|E| )327) = Oa

where the normalized electric field of the Langmuir oscillation is E e ~“?* and the normalized density perturbation
is n, © denotes the spatial and ¢ denotes the time variables. The physical natures of ISLWs model is useful to
seek plasma physics and the effect on incoherent structures. The above system of Eq. (1.1) was formulated by
Zakharov [27] in 1972. Recently, many researchers used different techniques to find exact solutions of ISLWs
model. Demiray and Bulut [21] applied generalized Kudryashov method to get travelling wave solutions of
the ISLWs model. Also, soliton solutions of this system was considered by Seadawy et. al.[22], Alam and
Osman [23] and Mohammed et. al. [24]. The graphical of some specific solutions are useful to understand the
physical phenomena of Eq. (1.1). Moreover, conservation laws are great important in physics and mathematics.
Mathematical expressions of physical laws are the coservation laws, such as coservation of mass, energy and
momentum. The coservation laws can be used to study the properties of the existance, uniqueness and stability
of solutions.

The outline of this paper is as the following : Firstly, we summarized the analytical method that we will use to
construct novel exact solutions of the ISLWs model in section 2. In section 3, we get the solutions of the studied
model with Jacobi elliptic functions (JEFs) via the extended F-expansion method. The geometrical shape of
some solutions in the form of two-dimentional and three-dimentional have been plotted. Furthermore, the Lie
point symmetry and the conservation laws for (1.1) are obtained in section 4. Section 5 is results and discussion.
Finally, conclusions of the paper are presented in the latest section.

2  Summary of the Extended F-expansion Method

In this section, the extended F-expansion method [6], will summarize as follows:
Consider NLEEs
P(u, ut, Ug, Utt, Ugg, -...) = 0. (2.1)

1- Suppose that u(z,t) = u(§) and € = ct + kx + o, such that ¢ and k are constants to be evaluated later and
o is an arbitrary constant. Then (2.1) is transformed to the following equation:

G(u, u',u",...) =0, (2.2)

2- Suppose that the solutions of (2.2) in the form

N

u(@, t) = u(§) = Ao+ Y [AiF'(§) + B: F'(¢)], (2.3)

=1

where N is a positive integer and Ao, A;, B; (i = 1, 2,..., N) are constants to be determined. The function F(§)
satisfies the following ordinary differential equation (ODE):

17



Hassan et al.; JAMCS, 37(10): 16-32, 2022; Article no.JAMCS.90455

(F'(€))* = go + g2 F*(§) + qa F* (), (2.4)

and the values qo, g2 and g4 are constants.

3- Putting (2.3) with (2.4) in (2.2), we obtain a polynomial in F(§). Setting all coefficients of it to zero, we get
an algebraic equations for Ao, k, A;, Bi(i =1, 2,..., N) and c.
4- Setting the values of qo, g2, g4 and the corresponding JEFs F'(§), we get many exact JEF solutions of Eq. (2.1).

The JEFs can be written as sn€ = sn(&, m), cn€ = cn(&,m) and dn€ = dn(&, m), where m (0 < m < 1) is the
modulus of the elliptic function. The functions sn&, cn€ and dné become tanh€, sech{ and sech, respectively
when m — 1. Also, sn¢, cné and dn€ become sing, cosf, 1, respectively when m — 0.

3 The Exact Solution of the ISLWs Model by the Extended
F-expansion Method

Suppose that the solution of (1.1) as the following:
E(x,t) =U(€)e'?, n(z,t)=V (), E=ct+ka+¢&, 0=Qz+put, (3.1)

where ¢, 2, k and p are constants. Putting (3.1) in (1.1) and splitting the imaginary and the real parts, we get

(c+Qk)U =0 =c=-Qk, (3.2)
FPU" —Qu+Q°)U—-2U0V =0, (3.3)
(@ -V -2k (U?" =0. (3.4)

By integrating (3.4) twise and putting the integration constant to zero, we obtain

2k
V(e) = 2 U0, (35)
Substituting (3.5) into (3.3), we obtain

O -1D)U" = (Q® - 1) +2u)U —4U° = 0. (3.6)

By using balancing procedure, we have N = 1. Then (3.6) has solution as

B
F()’

where Ao, A1, B1 are undetermined constants. Putting (3.7) into (3.6) and using (2.4), we get a polynomial in
the function F(€). Setting all coefficients of F'(§) to zero, we have cases as follows:

2 2 2 _
k_i\/W’Q—Q,M—H,Ao—o’m_i\/%m +§Z)(Q 1)731:0- (3-8)
2 2

Substituting (3.8) into (3.7), we have

wo=i¢%“p+§map_”F@,fziuﬁ”ﬂ“m+w+@‘ (3.9)
q2 q2

Putting qo, g2, ¢4 and the JEFs solution for F'(€) in (3.9) with (3.5) and (3.1). Therefore, we construct the exact
solutions of (1.1) as follows:

U) =Ao+ A1 F(§) + (3.7

Case 1
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Case 1.1: When qo = 1,q2 = —1 — m?, ¢« = m? and F(¢) = sné. So, periodic wave solutions of (1.1)
given as,
(2420 (1-02) 4o —m? (024 2)
E(z,t) = im\/ 201+ m?) e'” sn€, n(x,t) = Wsn g, (3.10)
Case 1.2: Setting go =1 — mz7 o=2m2—1,qs=-m?and F £) = cng, we have the JEF's solutions of (1.1
g q q » 4 ,
Q2 420)(22—1) 40 m (@242
E(I,t) —im\/ 2(1_2m2) (& cnf, n(x,t): mcn f, (311)

Case 1.3: Putting go = m? — 1, g2 = 2 — m?, g2 = —1 and F(¢) = dné. Thus, the periodic wave solutions of
(1.1) obtain as follows:

(2 +2p)(22-1) e (2 +2p)

E(x,t) ==+ d t)= ————+dn 3.12

(z,1) \/ 2 (m2 — 2) € ng, n(z,t) (m2 — 2) ‘57 ( )

Case 1.4: Putting ¢o = i, g2 = 2 =", we have F(¢) = 13&;5' Thus, we construct solutions of (1.1)
expressed by rational expressions of JEF's:

(2+2p)(22—-1) sn€& o m* (Q% +2p) sné 2
E(xz,t) =+ — t) = 1
(=, \/ (m? — 2) Tedne¢  "@D =S =e \Txdng) (3.13)
Case 1.5: If ¢o = , g2 = 77 qs = m24_1 we get F(§) = % Then, we have the solutions of (1.1)

as

— 41 \/(7n2 1(92+2M)(92 1) dne i0

(m2+1) TEmsne ¢ >
) (3.14)
(m?-1)(Q2+2 1) dne
n(z,t) = = 2 (m2+1) £ (mmsng) ’
Case 1.6: When ¢o = 1‘;"2, Q@ = ’"22"'1, qs = 1_;"2 and F(§) = %rslﬁg, we obtain
_ 1 /(1-m2)(Q2+42u) (R2-1) Cne _i®©
BE(z,t) =+ 5\/ (m2+1;; Tsne €
. (3.15)
_ (=-m»)@%+2p) ( _cng
n(z,t) = 2 (m2+1) = <1isn§) )
Case 1.7: When ¢o = _(1_4m2)2, g = m22+1’ qa = 5 and F(§) = (mcné + dnf), we have
E(z,t) =+ 1,/ W (mcné + dn€) e'©,
. (3.16)
n(z,t) = % (m cné :I:dn{) ,
2 m .
Case 1.8: When ¢y = %7 q2 = mTH7 Q1 = u and F(f) = %ﬁlng’ thus the solutions of (11) are
— 4 1-m? [(Q242p) (Q2-1)  sne¢ e
E(w,t) =+ (m2+1) cnetdne ©
(3.17)

2
(1-m>? (Q%+2p) sng
n(z,t) = 2 (m2+1) (cngidng) ’
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Fig. (1.a)

Fig. (l.e)

Fig. (1.b)
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Fig. 1. (a-f) 3D and 2D the periodic wave solution (3.10) are plotted when (+) sign is
taken with the parameters 2 =1.5,m =0.2,p = —2.43 and &, = 1 for 3D figure and ¢t =1 for

2D figure
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Fig. (2.a)

Fig. (2.b)
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Fig. 2. The periodic wave solution (3.13) are plotted when (+) sign is taken for (a-f) 3D
and 2D with the choice of parameters (2 = 1.5,m = 0.2,y = —2.43 and &, = 1 for 3D figure
and t =1 for 2D figure
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Fig. (3.

Fig. (3.b)
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Fig. 3. The periodic wave solution (3.16) are plotted when (+) sign is taken for (a-f) 3D
and 2D with the choice of parameters 2 =0.5,m =0.6,u =1 and & = 1 for 3D figure and
t =1 for 2D figure

2 2 2 _
k:i,IQZQ“,Q:Q,u:“,Aozo,Alzo,Blz\/qO(Q +§Z)(Q D} (3.18)
2 2

Substituting (3.18) into (3.7), we obtain the general solutions as,

. g (2+2p)(2-1) 1 B M
U(§)_i\/ - " €=+ e (3.19)

Putting qo, g2, ¢4 and the JEFs solution for F(§) in (3.19) with (3.5) and (3.1). Therefore, we have the exact
solutions of (1.1) as

Case 2
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Case 2.1: When qo = 1,2 = —1 — m?, qu = m?, and F(¢) = snf. So, the periodic wave solutions of
(1.1) given as

Q2 +2 1-9Q2) | —(Q?
V@200 -9 e () = —+20)
2(1+m2) (1+m?)
Case 2.2: When go =1 —m?, o =2m? — 1, g = —m? and F (&) = cng, then, the exact JEFs solutions of Eq.
(1.1) are

E(z,t) =+ ns’¢, (3.20)

By = +YLZVEA 2D D) ooy gy = L= m@ £ 20)

2@me— 1) o1y e (321)

Case 2.3: If go=m?—1, g2 =2—m?, g = —1 and F (&) = dng, thus yeilds the periodic wave solutions of Eq.
(1.1) as follows:

V(m? —1)(Q% 4+ 24) (9% — 1) ¢'® nd¢, n(z,t) = (m® —1)(Q* +2p) nd?¢ (3.22)

E(z,t) =+ 22 =) (2—m2)

Case 2.4: Putting qo = i ¢ = m22*2’ s = %4 and F(§) = 1i3;§. We construct solutions of (1.1) expressed

by rational expressions of JEFs

(Q2+2p) (2 —1) 1+dné e (Q*+2p) (1+dng)>
E(x,t) =+ t) = 2
(@,1) \/ m2 —2 2sn& e n@1) 2 (m? — 2) sn& ’ (3.23)
Case 2.5: If ¢ = m24*1, q2 = #, qs = mi;l, then F(&) = hthnSgn& Thus, we have the solutions of (1.1) as

2_1)(Q242 02-1) (1+mSn 12
E(%t):i\/(m M2 20 (@21) 2311&5) e©,

n(z,t) = (m?-1)(@%+2,) ( 1£msne : (3.24)
LREO 2 (m2+1) dne ,
Case 2.6: When go = 17:12, = m22+17 qi= 1,:12 and F(€) = %rslr%&’ e obtain
1-m2)(Q2+2u) (Q2-1) (1£SNE) i
E(z,t) = &,/ Umm(@ 420 (@2-1) (2806 oie
(3.25)

2
_ (1=m®)(Q%+2p) [ (1£sng)
n(z,t) = 5y ( cne ) ,

Case 2.7: If ¢o = _(1%"’2)2, g2 = m22+1, qa = 5, and F(§) = (mcné £ dn€). Then, the exact solutions of
Eq. (1.1) given as,

_m?2 — )
B, t) = £ 4=m /(@20 0-92) e

24/(m2+1) (mcne+dne)

’

(3.26)
_ _—=m»H?2(@2+2p)
m2,8) = ) menerdne?
Case 3
Q2424 qa (P +2p) (22 1) — =«
k=4 779252, = 7A:07A:i
P = p, Ao 1 \/ 2(q2 £6/q0qa)
02+ 2 02 -1

B =F P+ 2] ) 20

2(g2 £6/q0qa)

Substituting (3.27) into (3.7), we obtain the general solutions in the form,
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Fig. (4.0)
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Fig. 4. (a-f) 3D and 2D are plotted for the periodic wave solution (3.24) when (+) sign is
taken with the choice of parameters 2 =0.5, m = 0.6, u =1 and & =1 for 3D plots and
t =1 for 2D plots

U(f)=:|:\/q4(92+2'u)(92_1)p(§):|:\/QO(Q2+2M)(Q2—1) 1

2 (g2 £6/q90 qa) 2(q2+6,/q0qa) F(&)’
Q2+2p
=4,/ — t . 3.28
13 - fo%x_’_c +&o (3.28)

We can find many JEF solutions of Eq. (3.28) by setting qo, g2, ¢4 and the JEF's solution for F'(£¢). Hence, the
solutions of Eq. (1.1) written as the following:
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Case 3.1: When qo = 1, g2 = —1 — m?, g4 = m? and F (&) = snf. So, we obtain the following combined JEFs
solutions of (1.1):

Q2 02— i
E(z,t) = % (:I:msn&q:nsﬁ) e'®,

2
n(z,t) = % (m sng — ns{) )

[-(1+m2)£6m

(3.29)

Case 3.2: Putting qo = 1 —m?, g2 = 2m? — 1, ¢4 = —m? and F(¢) = cné. Thus, the exact JEFs solutions of
(1.1) are

_ (Q2+2p) (1-02) 2 — ©
et \/2 (2m2-146m/m2-1) (:l:mCHf:an(f) o (3-30)
, )

n(z,t) = —(@%42 ) (mcnf —vm2 -1 ncg)

(2m?=126m /m2-1)

Case 3.3: If go =m® — 1, g2 = 2 — m?, ¢a = —1 and F(¢) = dné&, we obtain the combined solutions of (1.1) as

_ (Q2+24) (1-02) V1—m2 i
E(x’ t) - \/2 (Z—mziﬁ m) < + dné‘ + ! " ndé‘) ‘o (3 31)
2 .

n(z,t) = (27;522% (dn£ —vV1=—m?2 ndf)

Case 3.4: If ¢o = i, G2 = m2272, qa = %4, we get F(§) = ligig, this yeilds the exact solutions of (1.1) as
1 [ (Q2+42p) (22-1) m2sng 1+dne \ i
E(x,t) = 24/ (m2—2£3m?2) (i 1+dne + “sne )6 )
2 (3.32)
n(x t) . (2242 ) m?sng  1+dne
7T 2(m2—243m2) \ 1+dng sng ’

Case 3.5: When ¢ = mz_l’ q2 = #7 Q1 = m24—17 we have F(g) = % Thus, the rational JEF's

1
solutions of (1.1) are

1 [(m2—1)(Q242p) (Q2-1) dne 1+msne \ _ie
E(mvt)*i\/ m2+153 (m2—1)] (ilimsng:’: (ﬁlg )e )

(m2—1)(Q%+2 p) dne 14+mSné : (8:33)
n(z,t) = 2[m2+1£3( Zf1)] TEmsSne &n )
m m m ng
2 2 2 .
Case 3.6: When ¢o = 1*47” , Q2 = m2+1, qs = 11:" and F (&) = %Islflg, we obtain

1 [/(1—=m2)(Q242p) (22-1) cne 1+Sné i©

B(z,t) = 3 [m2+1£3 (1—m?)] (H:sng + ~cne ) €
(3.34)

2
_ (1=m2)(Q%+2p) cng 14+8né
n(z,t) = 2 [m2+1£3 (1—m?)] (usng ~ “cne

Case 3.7: If ¢o = 7(1747”2)2, g2 = m22+1, qa = _Tl and F(€) = (mcn€ + dn&). Then, the exact solutions of Eq.
(1.1) are
2 —Q02 —m? @
B(w,t) = 5\ ot (i (meng + dng) F M) e,
o R (3.35)
— —(Q°+2 1—m
n(2,1) = 31 a-mo] <(mcn5idn@ - mcngidn§> :
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We can obtain other JEF's solutions, but we ignored here for simplicity. If m — 1, then the travelling wave
solutions given as

E(z, 1) :i%\/(mmu)u—m)%ei@, n(e,t) = _(92;2“) (1:‘2:5}15)2, (3.36)
B, t) :i%\/(auzu)u—m)%e@ n(z,t) = _(92;2“) (13212}15)2’ (3.37)
B(z,t) = i\/(m +2 “2) (L= P) eche e, n(z,t) = —(Q2 + 2 1) sech’¢, (3.38)

E(z,t) = i%\/(QQ +2u) (1 — Q2) tanh¢ e'®, n(z,t) = M tanh®¢, (3.39)
E(z,t) = j:%\/(QQ )= D cothec®,  na 1) = —CEE20) e (3.40)

E(x,t) = i\/(m +2 “2) (@ -1 csche e'®, n(z,t) = (2 + 2 p) esch’e. (3.41)

Also, if m — 0, then we can obtain the triangular function solutions for (1.1) , but we omitted these solutions
for simplicity. The solutions (3.38) and (3.39) are called bright and dark soliton solutions, respectively. The
bright solitary wave solution (3.38) are plotted in Fig. 5 with the parameters Q = 0.1, p = 2.43 and & =1
for 3D figure and ¢ = 1 for 2D figure. Moreover, in Fig. (5.b), we have studied the intensity profile at different
values of the parameter 2. We get that with the increase of € the width increases and the amplitude decreases.
In addition, multiplying Eq. (3.6) by U’ and integrating once, we get

1 2 (®+2p) U
—(UHY"=C U
53U T Ty
where C' is an arbitrary constant. We can be written this equation like as an energy equation of classical particle
2
as 3 (U')*+f(U) = 0, where f(U) is the potential energy and it is given by f(U) = —[C+ “2223 ) U+ (g;tl) ]

The physical solution to exist it must satisfy f(U) = 0 and % =0at U = 0. Tt is clear that (U’)? > 0, this
means f(U) < 0. So, there exist a point U, such that f(U.) =0, i.e.,

0 4 2p)
2k2

U4

( 2 _
C+ U2 + s =1y =

s s . Q242 1-02
When C = 0, the amplitude of solitary wave f(U.) =0is U, = £+ %

4 Lie Symmetry Analysis and Conservation Laws

In this section, we derive Lie symmetry analysis of the model (1.1) and investigate the conservation laws by
Ibragimove’s theorem [28]. For this, we consider the transformation

E(z,t) = u(z,t) +iv(z,t). (4.1)

Substituting (4.1) in (1.1) and splitting the result into imaginary and real parts, we get the following system:
F! :ut—&—%vm—nvzo,
F?2=0v, — tupe+nu=0,

! (4.2)

F3:ntt_nxz_4(ui+vg+uuxx+vvxx) =0.
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Fig. (5.b)

Fig. (5.a)
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Fig. 5. The bright solitary wave solution (3.38) are plotted in (a-f) 3D and 2D with the
parameters Q@ = 0.1, u = 2.43 and &, =1 for 3D figure and ¢ =1 for 2D figure. In Fig. (5.b),
we discuss the intensity profile at different values of (2

27



Hassan et al.; JAMCS, 37(10): 16-32, 2022; Article no.JAMCS.90455

We can be written this equation in the form
2 2 2 2
ntt—nm—4[uz+vz+2(n(u +v)+uvt—vut)}:0. (4.3)

The Lie point symmetries for (4.3) is generated by a vector field in the form

X = &Mz, t,u,v,n) 0p + (2, t,u,v,m) O + 1t (2, 8, u,v,m) By + 02 (2, t,u,v,n) O+ (4.4)
4.4
773(1'7 t7 u,v, ’I’L) 8”'

Appling the prolongation Pr® X to (4.3), we have system of linear partial differential equations(PDEs). Solving
it by Maple, we get the infinitesmals as follows:

1 1
51 = cs, 52 = ¢4, 771 =cit+ca, 172 = §vt201 +vtes +ves, 773 = —gut201 —utco —ucs. (4.5)

where c1, c2, c3, ca and c¢5 are constants. Eq. (4.3) admits the algebra of Lie point symmetries generated as

X1 =10y + 3 0t°0y — 3ut?0n, Xo=0u+vt0y —utOpn, X3 =0, Xa=0,

(4.6)
Xs =00, —u0n,.
For simplicity, suppose that a sth-order system of PDEs of r dependent variables
uw= (u',u? ...,u") and k independent variables z = (z',z?, ..., z"), define as
Fa(x,u,u(1>,...,U(s>) :0, o = 1,2,...,7‘7 (47)
where, u(1y,u(2), ..., u(s) denote the collections of all first, second,...,sth-order partial derivatives. This means
that, uf = D;(u®), ug; = D;D;i(u”), ..., respectively, where the total derivative operator with respect to z* given
as
0 0 0
D, =— P = ity 1=1,2, ... k. 4.8
8xz+u aua—’—ujau;?—’_ ’ ’ (4.8)
Also, we can define the symmetry operator and the adjoint equation for the system (4.7), respectively as
; 0 0
X=6-2 402 4.9
€t 5ua (4.9)
« S(v'F*
Fo(z, u,v,u(1), V(1) - Us), V(s)) = (:; ) =0, a=1,2,...,7. (4.10)
uOé

Theorem [28]: Any Lie point, Lie-Bécklund and non-local symmetry X, that is define in (4.9) admitted by
the system (4.7) provides a conservation law for (4.7) and its adjoint (4.10), then T" that is called the conserved
vector are calculated by

i i o | OL (oL ) oL _
T =¢L+W {8u?—D3(aua)+D]Dk(aua) }Jr

(%) ijk

D, (W) { oL —Dk<£f )+kar<87L) —...}+

« «
auij ijk auijkl

DjDk(Wo‘){ oL —D,n< oL )+} +o (4.11)

« «@
auijk auijkl

where, W% = n® — €& and L = >y v'F*® are the Lie characteristic function and the formal lagrangian,
respectively. Now we will obtain the conservation laws for (1.1), first we can define the Lagrangian formal for
the system (1.1) as

1 1
L:a(ut + 5 Vaz —nv) +1‘)<vt = 5 Uam +nu> +ﬁ[ntt —Ngx — 4 <ui + V2 + U Uz +vvm>], (4.12)
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where @, ¥ and 7 are new dependent variables. By using (4.11) and (4.12), we get
T'=¢" L+ W"(—8nus + 30 + dficu+4nug) — (50 +4nu) Da(W) + (
Do (W?) + W?(—8nvs — 2tie + 40z v+ 40 va) + 7ia W® — 0 Do (W?), (4.13)
T? = L+Wha+W?2o —ay W3 4+ 7 Dy(W3).

From the symmetry operators given in (4.6) with (4.13), we get the following cases for the conservation laws:

Case 1: We consider the symmetry operator X1 = t0, + %vt28v - %ut28n, we have ¢! = €2 = 0, n!

t,n? = %1}7&27 nd = —% ut? and the Lie characteristic functions corresponding to this symmetry are W' = ¢,

w? = %’U t> and W3 = %th. Thus, the associated conserved vectors are

T =nus (382 —4t) + P v (0 —47v) + S t(0 — StV Ue) + Nia[du+t° (20° — S )], (4.14)
T2 = L2 (0o +uiie) +t (@ — Au), '

Case 2: Using the symmetry operator Xo = 0y 4+vt 0y —utdy, wehave &' = ¢ =0, n' = 1, n° = vt, n® = —ut.

Then W' =1, W2 = vt and W2 = —ut. Thus, the associated conserved vectors given as
T'=nus (t—4) +tvs (38 —8vn)+ 30 + S0t e + Na[du+t(40° —u)], (415)
T? =G+ t[vD 4 uny — iug] — fiu, '
Case 3: For the symmetry operator X3 = 0., we have ¢ = 1,2 =np! =72 = ® = 0 and W' = —u,,
W? = —v, and W3 = —n,. So, we obtain
T1:ﬂ(utfnv)+@(vt+nu)+ﬁntt+%(uzﬁervzﬂz)fﬁz(4uuz+4vvz+nz), ( )
4.16
T? = fisng — ANy — GUugy — VVUg,
Case 4: Using the symmetry operator X4 = 0, we have €2 = 1, &' = p! = n? = % = 0 with W' = —u,,
W? = —v, and W3 = —n,. So, we obtain the conserved vectors as
T = 4nusts + et (30 + 4un) — voe (38— 407) + 2 (vl — wes) + 7 (405 V¢ + M),
—7g [4 (wur + v o) + nel, (4.17)
T? = (% vaz — nV) — V(3 Uzz — NU) — ANee + 4 (UF + V3 + Ulas + VVze)] + Tt 0,
Case 5: Using the symmetry operator X5 = v8, — u0,, we have ¢! = 2 =np' =0, 72> = v, n® = —u and
W' =0, W? =v and W3 = —u. So, we obtain the conserved vectors as
T" =1 (s — viie) + 7 (ua — 8V a) + e (407 — u), (4.18)
T? = 0o+ uiy — nug. '

5 Results and Discussion

In this section, we have explained the results of the ISLWs model by drawing some 3D and 2D figures of the
obtained solutions with the support of the symbolic calculation software Maple. Also, we have compared our
constructed results with other results in different papers. The 3D and 2D are ploted the absolute, real and
imaginary parts to illustrate the abundant soliton and periodic wave solutions. The graphical illustrations of the
abundant periodic wave solutions and soliton solutions are plotted by taking suitable values of involved unknown
parameters to visualize the mechanism of the ISLWs model that given in Fig. 1 - Fig. 5. The behaviors of
the periodic wave solutions (3.10) and (3.13) are presented in Fig. 1 and Fig. 2, respectively with the same
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parameters 2 = 1.5,m = 0.2,y = —2.43 and & = 1 for 3D figure and ¢t = 1 for 2D figure. We can find that the
absolute, real and imaginary parts are periodic wave solutions. The graphical representation of the periodic wave
solutions (3.16) and (3.24) are drawn in Fig. 3 and Fig. 4, respectively under the same choice of parameters
Q=05 m=0.6,x=1and & = 1 for 3D plots and ¢t = 1 for 2D plots. As expected, the absolute, real and
imaginary parts are periodic wave solutions. Fig. 5 plots the behavior of the bright soliton solution (3.38). We
observe that the absolute, real and imaginary parts are bright soliton solutions. Also, we have discussed the
effect of the parameter 2 at different values on the intensity profile of the bright soliton solution (3.38) in Fig.
(5.b). Moreover, many our results are novel and some of them are obtained in research literature such as the
solutions (3.10), (3.11), (3.38) and (3.39) are the same as the results obtained in [24] and the solutions (3.39)
and (3.40) are similar to the solutions given in [20, 25]. Furthermore, we investigate the conservation laws by
the Lie point symmetry. Noteworthy that all obtained solutions are checked by using Maple software program.

6 Conclusion

In this paper, we considered the ISLWs model and we succeeded implementing the extended F-expansion method
in the NLEEs for getting exact traveling wave solutions. As results, several kinds of solutions of the underlying
model including periodic wave solutions with JEFs, hyperbolic function solutions dark and bright solutions have
been obtained in the study, in which many are novel. The computer systems like as Maple is used to solve the
complecated algebraic equations to get these solutions. To the best of our knowledge, the obtained solutions
of ISLWs model contain the known result in [20, 22, 24, 25] and other traveling wave solutions are new. The
geometrical shape for some of the obtained results are plotted for various choices of the parameters that appear
in the results which may help researchers to known some physical meaning of this model. Graphical simulation
of some solutions in the form of two-dimentional and three-dimentional are helpfull to see the behaviour of these
solutions. In addition, the conservation laws for the (1.1) are constructed. We hope that the obtained solutions
are useful in the study of plasma physics and other important equations of mathematical physics.
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