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Abstract

The biharmonic equations arise in many applications such as elasticity, fluid mechanics, and many other
areas. In this paper, the combination of Explicit Decoupled Group (EDG) method with Successive Over
Relaxation (SOR) is proposed for solving the biharmonic equation by reducing this equation into a
coupled second order Poisson equations. Thus, this pair of Poisson equations can be easily solved using
finite difference method, which discretizes the solution domain into a finite number of grids. The sparse
linear system derived is usually solved by iterative methods which always take advantage of the existence
of zeros in the coefficient matrix. However, such methods yield high number of iterations for
convergence especially if the number of grid points is very large. To overcome of this problem, EDG
SOR method formulated to accelerate the rate of convergence for the solution of these iterative methods.
The numerical experiments carried out confirm the superiority of the introduced method over the classical
standard five point SOR formula in terms of number of iterations and execution time.

Keywords: Explicit decoupled group (EDG) method; successive over relaxation method (SOR); Biharmonic
equation, coupled second order Poisson equations.

1 Introduction

The biharmonic equation is a fourth order elliptic partial differential equation (pde) frequently arises in
linear elasticity problems. Due to the existence of the fourth order derivative, the analytical solution for such
equation is usually difficult to obtain. Consider the Dirichlet problem of the biharmonic equation defined on
domain Q and boundary 0Q.
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Viu(x,y) = f(x,y), (x,y)eQ
u(x,y)=g(x,»), (x,y)e Q
u,(x,y)=g,(x,»), (x,y)e Q (L.D)

o 5 o o

where v* = +2— 4=
ox* ox*oy*  oy*

u ~
with the square boundary 0Q ,u, = F is the normal derivative of # on 9Q and 7 is the unit normal
n

vector. Several approximation methods carried out for the numerical solution of Equation (1.1) [1,2,3,4,5,6].
A popular technique, which was introduced by Smith [5] is to split (1.1) into a coupled of Poisson equations

2 2
9v OV _,y, (12)
ox~ 0Oy

2 2
a_z+a_z= s (1.3)
Ox oy

which may be solved by classical Poisson solvers such as the standard five point formula. Applying such
formula on each grid point in the solution domain leads to a sparse linear system, which is preferably, solved
by iterative methods since such method takes advantage of the existence of many zero elements in the matrix
coefficient. However, this method suffers from slow convergence when the grid size grows. Abdullah [7]
introduced the Explicit Decoupled Group (EDG) for solving such system of equations as a more efficient
Poisson solver on rotated grids by using small fixed size group strategy which was shown to be more
economical computationally than the Explicit Group (EG) scheme due to Yousif and Evans [8]. The outline
of this work is as follows: Section 2 gives an overview of the construction of EDG SOR iterative method.
We apply the proposed EDG SOR formula to the coupled Poisson equations in section 3. Section 4
presented the numerical experimentation and results. The concluding remark is given in section 5.

2 Construction of EDG SOR Iterative Method

Poisson equation (1.3) may be approximated at the point (xi Y ) in many ways. Assume that a rectangular
grid in the xy plane with equal grid spacing 4 in both directions with x, =i/, = jh(i,7=0,1,....N ) are

used, where U :u(xi,yj) and A =1/N . By neglecting terms of O(k?), we obtain the simplest

approximation for (1.2) which is known as the standard five-point difference formula:

2
U, jqtu, ;o tu tu, ., —du, =h’f,.

i+l oS g

Another type of approximation that can represent the Poisson equation under study is the cross orientation

which can be obtained by rotating the xy-plane clockwise by 45" Abdullah [7]. This will result in the
rotated (skewed) five-point approximation formula:

+u,

iojo TU

+u,

u io1,j+1

i+l i+ -1 —4u,; :2h2fi/'
In the (EDG) method, the grid points are gathered into groups which can consists of only 2 grid points. Each
value for u of every grid point is approximated by the rotated five-point formula. These values are calculated

with a sequence from left to right and then upwards. Hence, the iteration over the solution domain is only
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carried out on half the mesh points. Once convergence is achieved, the solution at the other half of the points
is obtained directly once using the standard five-point difference formula [7,9,10,11,12].

Let us assume that the solution at any four points on the solution domain is solved using rotated five-point
equation above. This results in a (4 x 4 ) system of equations

4 -1 O 0 u; ; u[fl’j71+u[+1’j71+uifle+1—2h2f,.’j
-1 4 0 0 ui+1,j+l _ ui,j+2+ui+2,j +ui+2,j+2_2h2f[+1,j+1 (2,1)
0 0 4 -1 ”[+1,j ui,j—]+ui+2,j—]+ui+2,j+]_2h2fi+l,j
0 0 -1 4 Ui jw ui—l,j+2+ui—1,j+ui+],j+2_2hzfi,j+]

This system lead to a decoupled system of two equations whose explisit form are given by

[ u, }:L[4 l}l:ui1’j1+um’jl+ui1’j+1_2h2f[’j} 2.2)
Ui 151 4 U, o FU, +ul.+2,j+2—ZhZfHLj+1
and
{ u, }:L[4 1}{%,]._]+ul.+2,j_]+u,.+2,j+]—2h2f,.+]’j} 2.3)
Weggo | ISUL 4w, vu, v, =200,
17 18 19 20
13 14 15 16
9 10 11 12
5 6 7 8
1 2 3 4

Fig. 1. Natural group ordering

Theoretically, the application of either equation (2.2) or (2.3) to each of the group in Fig. 1 with natural
group ordering will result in a system of equations [9,10].

Ay =b (2.4)
where:
R, R
‘ ' ROO ROI
R, R, R, a a
A = R, R, . A .
. R
Rl R R()l

5 00 _ _
R, R,|w - (v -1)? NV =Dx(N -1)
2

2
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1
1 T 0 0 .
R 1 Ry = _1_ 0 Ry = Ry,
— 1 4
4
R, R,y Ry,
R, Ry, R, = Ry, 1.302 ‘
R, . .
RO‘ (N-1)x(N-1) ROZ ROZ_(N—I)X(N—I)
u
- Uy, u ]
u ij
=3 u,, fori=1Q2)N-2, u, ; = 70 for i j=1(2)N-2
u = u, . ’ o
~ i : i+1,j+1
LN -4 ‘
Uy o J&v -1 A
2
_ v, _
. L1 .
b 7 ) Vi, fori=12N-2, v, " for i, j =1(2)N-2
~ el vi+1,l/+l
V.v-a
Vv -2
[ V.y_2 W1 =N o
2
_ 1, 1 1 1
Fori=1, v :| B - Eh fii+ Z”o,m + Z”z,m + Z”o,m
i — - 1
RERN ——p? f,.
2 J 2,i+1
1 1 1
r — =R U,
v, =| ¥ } 2" Sh e for k= 3(2)N-4
- Vistis 1
L keLinl _Eh fk+1,i+1
1 1 1
, RRIEY _Ehzfn/fz,i +Z”N—3,i—l +Z”N 1i-1
Yoo V-1t - [P 1 1
! _Eh fN—l,Hl +Z”N,i+ZuNi+2
1, 1 1
For i = 3(2) N-4, . { Vi } T Eh S+ Z”o,H + Z“o,m
21,0 T -
Vain - %hzfz,m
1,
-~ ‘
, { Vi } ~ > o k=30)N-4
ki - 1
Viest,ie1 __p? ‘
2 f‘k+l,z+l
1.,
v _|:VN2J }_ _Eh S
N -2,i — -
Vv ti+ 1 1 1
ML _Ehsz—l,i+l+ZuN,i +Z“N,i+2
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1 1
For i=N-2, = _| Vi }_ __h St Gl T
S R 1 1
2o _Eh 2f2,i+1 + Z“l,wz + Z”s,mz
- ——h )
o] Ve }_ PREAL with k= 3(2) N-4
~k,i T -
v ¢« +1,0+
fobe fk+l,i+] +Zuk,i+2 + Zuk+2,i+2
1
——hfy .
v _|:VN 2,i :|_ 2 S
LN -2, Voo 1 1 1 1
Mo ——hsz 1171+Z”v Zz+Z+ZuN,i+ZuN,i+2
The EDG formula is hence written as the following
1 1
N F(4F1 + Fy), ui+1,j+1:_5(F1+4F2) (2.5)
. 2 2
Where. E —M’ - 1+M’+1/ 1+ul —1j+1 2h f,',ja F2 1/+2 +ul+2/ +ul+2/+2 2h fi+l,j+l

As can be seen, the matrix A is a block tridiagonal matrix. Therefore the SOR method applied on this system
will be converge Smith [5]. In order to obtain the formula of EDG SOR method, we first need to derive the
formulas of EDG Jacobi and EDG Gauss Seidel method respectively.

The iterative scheme for EDG Jacobi method is given by

i i+1,j+1

1
u‘“”:%(4Fl+F2), uliif = T (R +4F)

Where: (u(’f> (’f)v (k) —2h ft /)’ FZ _ 7(u(k) (k) +u(k) —2h2f,+17/+1)

i-1,j-1 t+1,/ -1 : —1,j+1 r/+2 :+2/ i+2,j+2

The iterative scheme for EDG Gauss Seidel method is given by

. 1 . 1
uilh = 5 4F+ Fo), ult', = T3 (Fi+4Fy) (2.6)
1
: _ ey e 2 Lo e w ,
where: ——(u, S P YU m 2, _E( fea Py T 0 =200 0)

Hence, the iterative scheme for EDG SOR method is given by

1 1
(k+1) _ (k) -
wiy =Y AF +F)+0-wu; ' ulD, =5 (AR (- ult)

2.7)
where F;, F, as shown in (2.6).

3 The Proposed Method for Solving Coupled Poisson Equations

Throughout this paper, we are interested in the domain of a unit square (0x1)x(0x1). This domain will be

discretized into equally spaced grid of length /. Hence we have N 2 grids and (N —1)” internal points,

where ) = L
N
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Consider a typical dirichlet biharmonic problem

Viu(x,y)=0, (x,¥)€(0x1)x(0xI)
u(x,y)=0, (x,y)e oQ 3.1)

u,(0,y)=u,(l,y)=u,(x,0)=0,u,(x,)=1, 0<x,y<l

As in the coupled Poisson equations in (1.2) and (1.3), we need to approximate the boundary condition for v,
by using the normal derivatives of . Since the boundary of the domain is a square, we have v =y, on the

boundaries. Using centered approximations for 4 , we have

vy, =(2/hM)u,
- Mol i=1,.,N

V., = (2/h2)uN,/.

=2/ hM)u,
Vi =( Y,y 2 o lN (3.2)
Vinn =2/ h+ 2/,

Solving (1.2) and (1.3) by the standard five point formula, together with the boundary conditions specified
by (3.1) and (3.2) leads to the following equations

Au = h’v, (3.3)
Av=—2/h*YMu - (2/h)K

where

1. -4 (3-4)

(N=1)2x(N-1)?

S+1 1

S+1

(N-1)2x(N-1)? 1 (N -1)x(N-1)

and K is the vector containing known values. By applying SOR iterative scheme for solving (3.3), we
obtained

_ 27 _ _
Aty = bV, Uy =wu, + 1 -w)i, (3.5)

k - _
Avi, + QIEDYMu ==, Ve = Wove, (L= wy)vy
k+1 h

As mentioned before, the SOR scheme (3.5) above suffers from slow convergence when the number of grid
points grow. Here we solve the pair of equations in (3.3) using the EDG SOR formula (2.4) by the same
manner above.
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4 Numerical Experimentation and Results

In this section we check the effectiveness of the proposed iterative method using the modal problem (3.1).
For the purpose of comparison, we use a tolerance of € = 1077 as the termination criteria and the range of

the acceleration parameter is 1 <w<2. The computer processing unit is Intel (R) Core (TM) i5 with

memory of 4Gb and the software used to implement and generate the results was Developer C++ Version
49.9.2.

The results are summarized in Table 1 which showed the comparison between the EDG formula and the
classical standard five point formula (original system) when solving the biharmonic equation with SOR
iterative scheme. We can easily observe that the number of iterations and elapsed time significantly reduced
when using the new EDG SOR method for solving such equation.

Table 1. Comparison of number of iterations (k) and elapsed time (t) between the original system and
EDG SOR system

N Original system EDG SOR system

k t k t
15 65 10.86 40 9.42
25 113 39.78 62 23.34
45 186 59.70 106 45.54
60 213 67.62 178 57.84
85 238 75.18 207 66.18

*Elapsed time measured in seconds

According to Smith [5], for numerical scheme with tolerance value of 107 ' the number of iterations k is
bounded by

q

> 4 @.1)
(—log,, p)

where p is the spectral radius of the iteration matrix which must be satisfied 0 < p <1 for the convergence
of these types of iterative methods. Clearly k decreases as p decreases.

The iterative matrix for the SOR method case is given by
Hw) = —wL) ' [1-w)I +wU] (4.2)

where L and U are strictly lower and upper triangular matrices respectively for matrix A in (2.1). Table 2
shows the comparison of the spectral radius of the iteration matrix between the original and the EDG SOR
systems.

Table 2. Comparison of the spectral radius of the iteration matrix ( p ) between the original system
and EDG SOR system

N Original system EDG SOR system
Spectral radius ( 0 ) Spectral radius (0 )

15 0.562 0.374

25 0.731 0.534

45 0.785 0.588

60 0.813 0.692

85 0.875 0.713
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Clearly it can be seen that the spectral radius of the EDG SOR system is smaller compared to the original
system, thus justifying our findings.

5 Conclusion

In this paper, we derive new iterative method which called Explicit Decoupled Group Successive Over-
Relaxation (EDG SOR) for solving a biharmonic equation. The new schemes have shown improvements in
the number of iterations and the execution time experimentally. Hence, we conclude that the proposed group
iterative method is suitable for solving a coupled of Poisson equations and it is able to accelerate the rate of
convergence of the solution.
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