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ABSTRACT

Steady MHD fluid flow in a bifurcating rectangular porous channel is presented. The governing
nonlinear equations are solved analytically by the methods of similarity transformation and regular
perturbation series expansions. Expressions for the temperature, concentration and velocity are
obtained and analyzed graphically. The results show that increase in bifurcation angle and Grashof
numbers increase the transport velocity, whereas the increase in the magnetic field parameter
decreases it. Furthermore, it is seen that an increase in bifurcation angle increases the temperature

of the flow.
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1. INTRODUCTION

The flow of viscous incompressible fluid in both
bifurcating and non-bifurcating porous channels
has gained considerable attention in the past
decades because of its practical applications in
industries and engineering. Based on this, a
good number of theoretical and experimental
investigations relevant to this domain of research
have been carried out. The concept of bifurcation
(in sense that a flow system divides into two or
more daughter channels) is seen in both natural
and artificial settings. Therefore, it has
applications in both science and engineering. It is
relevant in biomechanics, astrophysics,
hydrology, civil, electrical, petroleum engineering,
and the likes. [1] studied the flow in a bifurcating
cylindrical pipe using the visualization method,
and observed that separation or reversal flow
occurs at the outside wall of the junction. [2]
studied the flow using the visualization approach,
and observed that if the flow rates in the
daughter tubes are unequal, separate reading
occurs at the outer wall of the tube with a smaller
flow rate. Also, [3] introduced the use of
theoretical approach or mathematical tools in the
study of branching flows. More so, [4] using the
dye injection approach found that the critical
Reynolds number at which turbulence developed
in the glass model bifurcation depended on the
angle of bifurcation. [5] used the hot-wire
anemometer method to extend the work of [2].
They measured the velocity profile only in the
steady flow and in the plane of bifurcation, and
observed that the best measurements were
those made with a hot-wire anemometer in the
right angled model, and that flow separation was
clearly present at one diameter from the junction.
Furthermore, [6] examined the stabilities and
bifurcation of a two-dimensional channel flow
using analytic, numerical and experimental
methods, and observed that flow separation
occurs near the wall, and that both separation
and bifurcation do not occur together. [7]
investigated the three-dimensional symmetric
one- to-two bifurcation using the analytic
approach, and noticed that a flow separation or
reversal occurs at the junction. Also, [8] studied
the effect of bifurcation angles on the steady flow
structure in a straight terminal aneurysm model
with asymmetric outflow through the branches
using the Laser-Doppler velocity and fluctuating
intensity distribution. They observed that the
size of the recirculation zones in the afferent

vessel, the flow activity inside the aneurysm, and
the shear stress acting on the aneurismal wall
increase as the bifurcation angle increases. [9]
conducted a numerical study on the effect of
expansion ratio of the downstream: upstream on
the flow, and was able to demonstrate the critical
Reynolds number for asymmetric flow to occur.
[10] investigated fluid flow through networks with
two different types of geometries. This first is a
tree of up to five generations of branches with no
loops. The second is a tree of up to nine
generations of identical channels that form a
subset of a hexagonal lattice with loops. For the
first type of geometry they showed that in spite of
the symmetry of the structure, the flow
distribution in the last generation becomes highly
heterogeneous at high Reynolds number. For the
tree with loops, they demonstrated that the
profile of outflow fluxes at low values of Reynolds
number can be adequately represented by the
distribution of electric current exiting in an analog
resistor network model. They observed that the
flow at the outflow section depends on the
velocity at the inlet, and tends to become more
homogeneous as the Reynolds number is
increased. [11] studied numerically and
experimentally the steady aspiratory and
expiratory flow in a three-dimensional airway
system of single symmetric bifurcation. They
showed that the flow results obtained from
computational simulations are in good agreement
with the experimental results, especially during
expiration. [12] investigated numerically the
steady respiratory flow through two-dimensional
air way model with three generations of
branches. They were able to confirm previous
experimental observations, revealing a significant
imbalance in the flow distribution between medial
and lateral branching. [13] examined theoretically
the behaviour of an incompressible side-
branching flow at high Reynolds number and
compared their results with those of direct
numerical simulation at moderate Reynolds
number. They observed that near the branch, the
flow adjusts to the imposed downstream
pressure in the daughter through a jump in the
flow properties across the daughter entrance and
that for large pressure drops in the daughter
tube, the fluid is sucked in at high velocities from
the mother and thereby provides a favourable
upstream feedback. [14] investigated the
equilibrium configuration and  stability of a
channel bifurcation in braided rivers, and showed
that an increase in bifurcation angle increases



the transport velocity. More so, [15] showed that
changes in bifurcation angle alter the flow
condition and changes the magnitude of the wall
shear stress. [16] investigated a three-
dimensional one-to-two symmetrical flow in
which the mother is straight and of circular cross-
section, containing a fully developed incident
motion, while the diverging daughters are straight
and of semi-circular cross-section. Using the
method of direct numerical simulation and
slender modeling for a variety of Reynolds
number and divergent angles, and observed that
a flow separation or reversal occurs at the
corners of the junction; the inlet pressure
increases as the bifurcation angle increases. [17]
studied blood flow in bifurcating arteries using
the method of regular perturbation, and noticed
that an increase in bifurcation angle and
Reynolds number increase the transport velocity
factor. Similarly, [18] examined the fluid-
mechanical aspect of the flow in bifurcating
arteries, and observed that an increase in
bifurcation angle and Reynolds number produces
a commensurate increase in the wall shear
stress.

Furthermore, the flow through porous media is
prevalent in nature and artificial settings.
Therefore, it is of principal interest in science and
engineering. It has relevance in petroleum
engineering for the study of the movement of
natural gas, oil and water through the oil
reservoirs; in chemical engineering for filtration of
and purification processes; in hydrology for
studying the underground water resources. [19]
examined free convective flow between a fluid
and a porous layer in a rectangular enclosure;
[20] investigated the flow in a rotating straight
pipe and showed that the Nusselt number
increases with increase in porosity. [21] studied
the flow in a curved porous channel with
rectangular cross-section filled with a fluid
saturated porous medium, the flow being driven
by a constant azimuthally pressure gradient, and
using a generalized Fourier series method of
solution found that the velocity profiles depend
on the geometry of the channel and Darcy
number. [22] presented an exact solution of the
Navier-Stoke’s equation for the steady flow of an
incompressible viscous fluid along a channel with
rigid porous walls, the flow being driven by
uniform suction and injection at the wall. Using
the Hiemenz similarity solution, the problem was
reduced to a fourth order non-linear ordinary
differential equation with a pair of boundary
conditions at the wall. [23] investigated the slow
flow of viscous incompressible liquid a channel of
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constant but arbitrary cross-sectional shape,
driven by a non-uniform suction or injection
through the porous channel walls using similarity
transformation, and obtained results that
provided a general framework for extending [22].

More so, the study of the flow of fluid through
porous media has also been extended to include

the effect of magnetic field. [24] examined
analytically and numerically the unsteady
magneto-hydrodynamic  porous media flow

through circular pipes and parallel plates, and
observed that an increase in the porosity
parameter accelerated the flow, and that the
unsteady motion turned into a steady flow after a
considerable lapse of time. [25] considered the
flow of viscous incompressible fluid embedded
with small spherical particles in a non-conducting
channel with hexagonal cross-section in the
presence of a transverse magnetic field using the
method of integral transformation, and noticed
that the velocity of the fluid and particles
decrease with increase in the intensity of
magnetic field. [26] investigated the effect of
magnetic field on the flow in a rectangular
enclosure using perturbation technique, and
reported that the imposed magnetic field
diminished the wall shear. [27] studied a two-
dimensional flow of an incompressible viscous
fluid flow through a non-porous channel with heat
generation and chemical reaction by the methods
of similarity transformation, homotopy analysis
and numerical. They saw that an increase in the
Reynolds number decreases the tangential
velocity but increases the heat and mass
transfer; the increases in the Eckert number and
heat generation/absorption parameter increase
temperature; the increase in the chemical
reaction parameter decreases the concentration
profiles, and the increase in the Grashof number
increases the flow velocity. [28] examined the
influence of magnetic field on the skin friction
factor in a steady fully developed laminar flow
through a pipe using the experimental and finite
difference numerical scheme. They observed
that the pressure drop varies in proportion to the
square of the magnetic field and the sine angle;
the pressure is proportional to the flow rate, and
that the axial velocity asymptotically approaches
its limit as the Hartmann number becomes large.

Similarly, magneto-hydrodynamic  convective
heat and mass transfer in porous and non-
porous media is of considerable interest in
technical field due to its applications in industries,
geothermal, high temperature plasma, liquid
metal and MHD power generating systems. [29]



examined the hydro magnetic natural convection
flow through a horizontal permeable cylinder, and
obtained a numerical solution of the non-similar
boundary layer problem. [30] examined the fully
developed free convection two-fluid magneto-
hydrodynamic flow in an inclined channel using
the perturbation techniques, and found that the
flow can be controlled effectively by suitable
adjustment of the values for the ratios of heights,
electrical conductivities and viscosities of the two
fluids. [31] studied the free convection flow
through a vertical porous channel in the
presence of an applied magnetic field using the
finite difference numerical approach, and noticed
that the velocity decreases with the increase in
the magnetic and porosity parameters throughout
the region. [32] investigated the effects of
magnetic field and convective force on the flow in
bifurcating porous fine capillaries, and found that
magnetic field reduces the flow velocity, whereas
the convective force increases it. [33] considered
the fully developed mixed convection flow in a
vertical channel filled with nano-fluids in the
presence of a uniform transverse magnetic field
using closed form solutions. They noticed that
magnetic field enhances the nano-fluid velocity in
the channel; the induced magnetic field vanishes
in the central region of the channel; the critical
Raleigh number at the onset of the instability of
flow is strongly dependent on the volume fraction
of nano-particles and the magnetic field. More
so, [34] examined blood flow in bifurcating
arteries analytically, and observed that an
increase in heat exchange parameter and
Grashof number increase the velocity,
concentration and Nusselt number of the flow,
while an increase in the heat exchange
parameter increases the Sherwood number.
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An examination of most of the previous studies
on the flow in bifurcating channels shows that the
problem was particularized to certain fields. They
applied it to arterial blood flow, bronchial air flow,
streams and rivers, biomechanics of green
plants, and the likes. Therefore, the purpose of
this study is to present a generalized model of
the steady MHD flow of fluid in bifurcating
rectangular porous channels. In view of this, this
study examines the effects of bifurcation angle,
environmental thermal differentials, and magnetic
field on the flow field.

The paper is organized in the following format:
section 2 is the methodology; section 3 holds the
results and discussion, while section 4 gives the
conclusions.

2. METHODOLOGY

The problem is formulated based on the following
assumptions: that the channel is permeable; the
fluid is incompressible, Newtonian, electrically
conducting and chemically reacting (but of the
homogeneous first order type i.e. the reaction is
directly proportional to the concentration). We
also assume that the bifurcating channels are

symmetrical. Therefore, if (U',V',W ) are the
velocity vectors with respect to the orthogonal
Cartesian coordinates ( X,Y',Z ) and are
symmetrical about the Z' axis such that the
variations about Z'is zero, the velocity and
coordinate vectors become (U',V') and (X,Y")

respectively; then the mathematical models for
the continuity, momentum, energy and diffusion
equations, using the Boussinesq approximations
are:

6_u ¥ = (1)
ox' 6y
ou' ou__1op u(ou ou , ' o B
u—+v—= + T-T )+ Cc-C —eo— ——
R e R LR
' ' 2 2,
u'a_v+v‘a_V: 1 ap ,u ou . a_uz 3)
ox' oy'Y p ay ploxe oy
1 ' 2 ] 2 ]
u'al+val = iﬁ T2 0T +ig('|"_'|'m) @
ox' ay' p C L ox oy’ ) o C,
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where B; and B. ar the volumetric expansion
coefficient for temperature and concentration

respectively; T' fluid temperature; T,

temperature at equilibrium; C' concentration
(quantity of material being transported); C,
concentration at equilibrium; g gravitational field
vector; p' pressure; ,0' density of the fluid;

viscosity of the fluid; 4, magnetic permeability
of the fluid; K is the permeability of the porous
medium; Bo2 is the applied uniform magnetic field

strength due the nature of the fluid; g, is the

electrical conductivity of the fluid; K, the thermal

conductivity; C, the specific heat capacity at
constant pressure; Q is the heat absorption

coefficient; D the diffusion coefficient; kr2 is the

rate of chemical reaction of the fluid, which is
homogeneous and of order one.

The model in Figure 1 shows that the channel is
assumed to be symmetrical and divided into two

regions: the upstream (or mother) region X'< X,
and downstream (or daughter) region X' > X,

where X is the bifurcation or the nodal point,

which is assumed to be the origin such that the
stream boundaries become y'=+d for the

upstream region and y'=ax' for the

downstream region. Due to geometrical transition
between the mother and daughter channels, the
problem of wall curvature effect is bound to
occur. To fix up this, a very simple transition
wherein the width of the daughter channel is

Ay

c-C.)

(%)

made equal to half that of the mother channel i.e.
+d is such that the variation of the bifurcation
angle is straight-forwardly used (see [16]).

Furthermore, if the width of the channel (2d) is
far less than its length (IO) before the point of

bifurcation such that the ratio of ﬁ =<<],
o

(where [is the aspect ratio), the flow is laminar

and Poiseuille (see[35]). d is assumed to be

non-dimensionally equal to one (see [16]).

Similarly, at the entry region of the mother

channel, the flow velocity is given as

u'=u, (1— y'z), where U is the characteristic

velocity, which is taken to be maximum at the
centre and zero at the wall (see [16]). Based on
the above, the boundary conditions become:

u'=1,v'=0,T'=1,C'=1 at y=0 (6)
u'=0,v=0,T'=T,,C'=C, at Y=1(7)

for the upstream/mother channel

u'=0,v=0,T'=0,C'=0 at y'=0 (8)
u=0,v=0,T'= y,T,, C'=),C,,
y1<1, y.<1 at y=ax (9)

for the downstream/daughter channel

> x

X<Xo
X:XO

N

Figure 1. A bifurcating symmetrical rectangular channel (with a=8, a and B are
the bifurcation angles)
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Introducing the following non-dimensional variables:

— X — y‘ — ul — VI — pI 1 2 — B el — CI _COO
X=— ,y==— uU=—,V=—o, p=— , p=pU;, O= NOES ,
fc Y gc Uo Uo P P, PP w o e CW_Coo
T,-T.) 72 - 2
p=H Re=Pole g =PIBTu"T) Le . _ PIB(C, C) ol
p H M, U, K
2,2 2 p2 2
lezkrgc MZ:aeBo KC, N2:Q|c ’&::L
D, PHihy, K, pD
where /_ is the scale length; p is the Reynolds number; Gris the Grashof number

ambient/equilibrium pressure; C,, constant wall
temperature at which the channel is maintained,;
T, constant wall concentration at which the
channel is maintained; © is the dimensionless

temperature; ® is the dimensionless
concentration: ¥ is the kinematic viscosity; Re is

due to temperature difference; Gc is the Grashof
number due to concentration difference; y *is

the local Darcy number; M? is the Hartmann’s
number; Pr is the Prandtl number; Sc is the

Schmidt number; and 512 is the rate of chemical

reaction; N’ is the heat exchange parameter; into
equations (1) - (8),we have

@+@:O (10)
ox oy
2 2
Rl uM 4y |=_P, a—l:+a—L21 +Gro+Ged - y’u-M?2u (1)
ox oy ox \ox° oy
ov ov)_ dp (0°v 0
R U—+V_— |=-—+| S+~ (12)
ox oy gy (ox= oy
2 2
RePfu224y %9 |- a—?+a—? +N%0 (13)
dx oy dx= oy
2 2
Rese| u2®+v 22 |= a_cf+aq2> +Or D (14)
dx oy dx= ady
with the boundary conditions
u=1,v=0,0=1,0=1a y=0 (15)
u=0,v=0,0=0,, =, a y=1 (16)
for the upstream channel
u=0,v=0,0=0,®=0 at y=0 (17)
u=0,v=0,0=y,0, ®=p0, y,<1, y,<1 at y=0ox (18)

for the downstream channel



Introducing the similarity solution:

1/2
W =(Uo0 X)*1(77) ,n:(uo] y (19)
UX

with the velocity components represented as

_ v

oV

°r — 20
oy ox (20)

where W is the stream function and 7} is the
similarity independent variable, into equations

(10) - (18), we have the following equivalent
equations
f'=0 (21)

f'+f -M2f +Re(f f '+ ff )=-Gro-Gc ® (22)
O +0 +RePrcfO+fO +NO©=0(23)
O +D +ReSc(-f P+ f D)+ =0 (24)
whereM?=M? + x*

with the boundary indications:

f=1,f =00=1®=1atn=0 (25)
f':0,f:0,@:OW,CDiDW atn =
(26)
for the upstream channel

f=0,f =00=0d=0 at 7=0
(27)

f=0,f=00=y0,0=)0,,
¥i<ly,<1 at f=ax (28)

for the downstream channel

Equations (21) - (28) show that the similarity
equations are coupled and highly non-linear.
Therefore, to minimize the effect of non-linearity
on the flow variables we introduce a perturbation
series solution of the form

h(x, y)=h,(x,y)) +&h (X, y)+...

where 5:i <<1 is the perturbing parameter.
Re

We choose this parameter because, almost at

the point of bifurcation, due to a change in the

(29)
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geometrical configuration, the inertial force rises
and the momentum increases. The increase in
the momentum is associated with a drastic
increase in the Reynolds number. In this regard,
equations (21) - (28) become:

for the zeroth order:

f"=0 (30)
mn II_ 2 | [ — —
f.r+f,"-M,"f,'=-Gro, -Gcd, 31)
Q",+0' +N%0,=0 (32)
D "+ "+04D =0 (33)

with the boundary conditions
f,=1,f =0,f, =00,=19, = at 7 =0 (34)
f,=0,f, =0,f, =00, = 0, = Cat /7=1 (35)
and for the first order:
f,"=0 (36)
fo+f0-M 2 = £ f = f "-GrO, - Ged, (37)
0,"+0,'+N%Q, =Pr(f,'0',-f,0',) (38)
P, "+D," +0,°D, = Sc(f, '~ D) 39)

with the boundary conditions

f,=0,f =00,=0,d,=0 at 7=0 (40)
flzolfllzo'@l:ylew P, =y P,
y1<11y2<1 at /] =ax (41)

The zeroth order equations describe the flow in
the upstream channel, while the first order
equations describe the flow in the downstream
channels. More so, the presence of the zeroth
order terms in the first order equations indicate
the influence of the upstream on the downstream
flow.

The solutions to equations (30) - (35) that is, for
the upstream are:
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Lo 2aen)
0,e? S|nh,ul/7+e’2 sinhg, (1-17)

- 42
(1) sinhy, sinhy, (42)
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° sinh, sinh,
f,(n) = ( fyp (0)e " sinh,u3/7) . ( fyp (2 sinr113/7)
’ Sinh,us sinhus
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and those for equations (36) - (41), that is, for the downstream are
L) Lanen)
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— (ax=(Ha4112)7)
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3. RESULTS AND DISCUSSION

The computational results are obtained using
Maple 12 computational software. We used the
following realistic and constant values of y; = 0.6,
y. =0.6, ®,, = 2.0, ©, =2.0, Pe, =0.07, Pe,,
=0.07, Re= 400, Re=400, d; = 02, N* =0.2,
=0.2 and varied values of a=5, 10, 15, 20;
Gr/Ge=0.1, 0.3, 0.5, 1.0, 5.0 and M°=0.1, 0.3,
0.5, 1.0, 10.0 to get the results below.

In this paper, we investigate the effects of
bifurcation angle, Grashof number and magnetic
field on the flow. To this end, Figures 2-10
illustrate the effects of these on the flow field.
The results obtained, show that, for increase in
the values of a and Gr/Gc, the temperature and
transport velocity increase (see Figures 2-8),
whereas the increase in M’ decreases the
velocity (see Figure 9) Furthermore, the increase
in M* makes the velocity fluctuating (see Figure
10).



An increase in the angle of bifurcation narrows
the width of the daughter channels, which in turn
increases the inlet pressure, and consequently
increases the velocity structure (see Figures 4
and 5). This is in agreement with [14,16, 17,18].
More so, as the velocity increases, the energy of
the system which is a function of velocity
increases, thus, accounting for what is seen in
Figures 2 and 3.

Similarly, an increase in the external temperature
produces a thermal differential between the flow
system and its surrounding. The thermal
differential in the presence of gravity and viscous
factors produces convective currents, which
serve as a lifting or buoyancy force to the fluid
particles. Moreover, as the external temperature
increases, heat is absorbed into the system. With
the rise in the internal temperature, the viscous
force drops such that the Reynolds number is
increased. Consequent upon these, the flow
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velocity increases. And these account for what is
seen in Figure 6-Figure 8. These results are in
perfect agreement with [27,32,34].

On the other hand, the fluid being electrically
conducting implies that it is magnetically
susceptible. The action of the earth magnetic
field on the fluid particles produces a mechanical
force, the Lorentz force, which gives the flow a
new orientation. In particular, the Lorentz force
has a freezing impact on the velocity flow
structure, thus accounting for what is seen in
Figure 9. This result is in consonance with [25,
27,28,31,32]. Even so, the fluctuation,
manifested in the form of back-and-forth
movement of the fluid, as seen in Figure 10,
possibly, seems partly due to the internal waves
developed in the fluid in the flow process, or may
be due to the interaction between the pressure
force and the gravity force.

1.2 4

1 4
0.8 A
0.6 ~
0.4 A
0.2 A

0

Temperature

=3-02 =A—04 =X%X=0.6

15 20 25

—%X=0.8

Figure 2. Temperature profiles for various bifurcation angles (a)
in the daughter channel

1.2 -

Temperature

0 0.2 0.4 0.6 0.8 1 1.2
distances (n)
-0=5 ={3=10 =A—-15 =X%=20

Figure 3. Temperature-bifurcation angle (a) profiles at various distances (n)
in the daughter channel
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Velocity

0 S 10 15 20 25

02 —&04 =X=06 =X=03 =O-1

Figure 4. Velocity profiles for various bifurcation angles (a) in the
daughter channel

> 0.8

Velocit

0 0.2 0.4 0.6 0.8 1 1.2
distances (n)

-0—5 =310 =fA—15 =X%=20

Figure 5. Velocity-bifurcation angle (a) profiles at various distances (n)
in the daughter channel

=
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©
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o

N
L=
o
N

=0=0.01 =J=0.1 =fx=0.5 =}=1 =X=5

Figure 6. Velocity-Grashof number (Gr/Gc) profiles at various distances (n)
in the mother channel
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Figure 7. Velocity profiles for various Grashof numbers (Gr/Gc)

in the daughter channel
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Figure 8. Velocity-Grashof numbers (Gr/Gc) profiles at various distances (n)
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Figure 9. Velocity-magnetic field parameter (MZ) profiles at various distances (n)

in the mother channel
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Figure 10. Velocity-magnetic field parameter (M) profiles at various distances (n)
in the daughter channel

4. CONCLUSION

The flow of fluid in a bifurcating rectangular
porous channel is investigated. The analyses of
the flow model show that the temperature and
velocity increase with bifurcation angle; the
velocity increases with Grashof numbers, while
the increase in magnetic field parameter reduces
the transport velocity. Furthermore, the
fluctuating motion of the fluid leads to loss of
energy for the flow in the axial direction.
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