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Abstract

We derive the addition of velocities in special relativity from the Minkowski’s
space-time diagram. We only need to draw some world lines on the diagram,
measure the lengths and divide the two lengths for obtaining the velocity. We
also give the theoretical background for this method. This method is so sim-
ple that it is worth for undergraduate students to acquire the addition of ve-
locities in special relativity.
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1. Introduction

Special relativity is the key issue for understanding modern physics. However,
since our daily experiences are much smaller than the speed of light, it is neces-
sary to look for devices which deduce the correct results of special relativity. In
the region of Newtonian mechanics, we often use the space-time diagram for
analyzing the kinematics of the motion of objects. We conclude that the gradient
of the curve on the space-time diagram is considered the velocity of objects. In
the region of special relativity, Minkowski’s space-time diagrams have been used
as an educational tool [1] [2]. They are indispensable tools for students to grab
the meaning of special relativity. In fact, the orthogonal and oblique coordinate
axes show transparent relations between events in one inertial frame and anoth-
er inertial frame. It is also useful to use Minkowski’s diagrams in momentum
space for obtaining the results of special relativity [3]. Especially, they serve as
powerful tools for analyzing the collision problems [4] [5] [6].

Recent paper [7] deals with the addition of velocities in terms of Minkowski’s

diagram in momentum space. By working in momentum space with mass-shell
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hyperbolas, it clearly shows the addition of velocities in special relativity. In this
paper, we try to deal with the same problem in Minkowski’s space-time dia-
grams. Although the usage of Minkowski’s space-time diagram has been dis-
cussed in many ways, the method shown in this article is seldom seen in texts for
undergraduate physics course. This method is quite simple, because we only
draw some world lines, measure the lengths and make the divisions of them. It is
a certain extension of Newtonian mechanics for obtaining the velocities from
space-time diagrams. Therefore, it is worth for undergraduate students to know
the relationship between Newtonian mechanics and special relativity.

This paper is organized in the following way. In Section 2, we introduce the
space-time diagram and draw world lines of the moving frame and the object on
this diagram. After measuring the lengths, we derive the addition of velocities. In
Section 3, we show the theoretical background for the method which is intro-
duced in the previous section. Section 4 deals with other examples which illu-

minate this method. Section 5 is devoted to a conclusion.

2. Space-Time Diagram and Velocities

Let us formulate the problem and fix our notation. Let K be a particular inertial
frame of reference and K’ be the moving frame with respect to K in the
+x-direction with speed V' =+0.5¢c, where cis the speed of light. The observer
in K'measures the moving object in the +x-direction with speed v =+0.8¢. This
situation is depicted in Figure 1.

The problem is, what is the speed v’of the object from the observer in moving
frame K Of course, we observe V' =v—F =+0.3c in Newtonian sense. But it is
not correct. On the contrary, we have the following formula of special relativity

, v=V

e W

and we obtain V' =+0.5¢ with the substitution of v=+0.8c and ¥V =+0.5c
in Equation (1).
Now, let us introduce the Minkowski’s diagram with the space x-axis in the ho-

rizontal axis, while the time w = ¢t -axis in the vertical axis, as shown in Figure 2.

v = +0.8c(from K)

v' (from K')

Observer in K’
V = +0.5¢(from K)

Observer in K

Figure 1. An observer in inertial frame K'sees another observer in moving frame K’in the
+x-direction with speed ¥ =+0.5¢ and the object in the same direction with speed
v =+0.8¢ . The problem is how does the observer in K”detect the speed v’of the object.
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Figure 2. The Minkowski’s space-time diagram of the situation in Figure 1.

This orthogonal w—x diagram is used by an observer in an inertial frame K
An observer in the moving frame K uses the oblique w'—x" axes which are in-
clined to the angle & with respect to the w—x axes. These axes are drawn by
the solid lines. The object with speed v =+0.8¢ from the inertial frame K'is de-
picted by the dashed line. In Figure 2, these velocities vand Vare related to the
angles from the vertical w-axis as follows,
FB FD
v/c=&=tango=+0.8, V/c=0—F=tan¢9=+O.5. (2)
These relationships are the same with which we calculate in terms of Newto-
nian mechanics. The dotted line shows the world line of light which is moving in
the +X -direction with the velocity +c
Now, let us consider the velocity v7c of which the observer in K”evaluates the
speed of the object [8]. In Figure 2, the line AB is parallel to the x*axis which is

inclined to @ from the x-axis. The velocity v’is given by
AB
V'ie=—, 3
/ 04 G)

which is a certain extension of obtaining velocities from the space-time diagram
in Newtonian mechanics. We measure the lengths OA and AB with a ruler, put
these values into Equation (3) and obtain v'/c =+0.50 . This is coincident with
the value which we derive from Equation (1) with v=+0.8¢ and ¥V =+0.5c.
As we see in Figure 3, if we extend the line segment AB to the point C, which
is on the world line of light. Hence, the observer in the moving frame K’ sees
light. Since the length OA is equal to AC in Figure 3, then the observer in the

AC
moving frame K’ calculates v'/c = o4 1. This is one of the postulates of special

relativity, that is, the speed of light is always equal to ¢ regardless of the motion
of the observer or the source. The equality of the lengths OA and AC demon-
strates this postulate.

Note that we easily see in Figure 3 that the point Bis the midpoint of the line
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Figure 3. The observer in the frame K measures the speed of light.
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Figure 4. The angle ABO is equal to the angle BOG, because the line segment AB is pa-
rallel to the xaxis.

segment AC. That is why the observer in K’ evaluates the speed of the object as
+0.5¢

3. Theoretical Background

In this section, let us deduce the relativistic velocity addition formula (1) from
Minkowski’s space-time diagram of Figure 4.
When we apply the theorem of sine to the triangle OAB, we obtain

AB _ 04 . (@)

sin(p—6) sin(n—go—ﬁj
2

From this expression, we calculate Equation (3) and use the addition theorem

of sine [8]

V' _A4B _ sin(p—6) sinpcos@—cospsind  tangp—tand 5)
¢ 04 cos(p+6) cospcosf—singsind 1-tanptand

Substituting the relations in Equation (2), we obtain the addition of velocities
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V' _vfe=V]e
c _l—vV/cz’ (©)

which is coincide with Equation (1).

4. Other Examples

Now, let us consider other examples which illuminate the validity of this me-
thod. We consider the observer moving in the -x-direction with the speed
V' =-0.5¢ with respect to the inertial frame K. The orthogonal w—x axes in
Figure 5 express the space-time diagram of the inertial frame K. In contrast to
Figure 2, the oblique w'—x" axes are inclined to the opposite direction with
the angle @.In Figure 5, the world line of the object with the speed v =+0.5¢
from the inertial frame K is depicted by the dashed line. And the world line of
light with the speed +cis also depicted with the dotted line.

The line segment AC is parallel to the x-axis which is inclined to the x-axis
with the angle €. In order to obtain the velocities of the object and light from
the moving frame K, we measure OA, AB and AC by a ruler. Thus, we just di-
vide these lengths as

L':Q:O.& L':ﬂzl. (7)

¢ 04 c OA
The first equation in Equation (7) is also obtained by substituting v =+0.5¢
and V =-0.5¢ in Equation (1). The second equation in Equation (7) is realized
from the equality of lengths of OA and AC. Moreover, we see in Figure 5 that
the line segment AB is 80% of the line segment AC. This is consistent with the

first equation in Equation (7).

5. Conclusion

We present the relativistic addition of velocities on the Minkowski’s space-time

diagram. It is shown that we draw some world lines, measure the lengths of them

V =-0.5¢ wlm) v = 4+0.5¢
A A
w'(m] kAl T
R 7 ..’o’
A | /I -
\\ II 5
\\ \\ = ’
\ BT
/ \.'"
016 I/ o ¢
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Figure 5. The observer in the frame K’ is moving -x-direction with V' =-0.5¢ with re-
spect to the frame K. The observer in the inertial frame K sees the object with its velocity
v=+0.5¢ and light with +c.

DOI: 10.4236/wjm.2022.124004

55 World Journal of Mechanics


https://doi.org/10.4236/wjm.2022.124004

A. Ogura

and make the division of these values to obtain the addition of velocities.

In order to obtain the addition of velocities, we also used the momentum space
[7], the velocity space [9], a geometric circle [10] and a euclidian space-time [11].
Compared to these methods, the space-time diagram gives a more simple way to
obtain them. Besides, this method is a certain extension of Newtonian mechanics.

In the classroom, students should use the graph paper to draw the space-time
diagram, like the text [12]. It is easy for students to draw the lines and measure

the length on the graph paper.
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